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Abstract: The generalized Hurst exponent H is often used to establish multiscaling in financial
time series. In computing H(q) we are concerned with the q-order empirical moment of returns’
distribution. Since power-law tails are among the most robust features observed financial data, our
aim is to check if such analysis can be carried out when the returns’ PDF has divergent moments.
At an order q for which the theoretical moment doesn’t exist, the behaviour of H(q) seriously suffers
from the finiteness of the sample.

We show how Pareto tails and a finite data set can result in a spurious multiscaling even for a
strictly self-affine process. A process with independent increments distributed according to a Cauchy
law should have a constant exponent H; on the contrary we empirically observe bifractality. We find
such behaviour is due to power-law tails only, suggesting that this spurious feature may be common
to every scaling process whose increments’ PDF decays according to a power law.

Dealing with independent increments we neglect another robust ’stylized fact’: the volatility
clustering of returns; so we wonder if our above argument still holds when returns are correlated.
We take into account some of the oldest and most important Stock Market indexes and, by reshuffling
the whole series, we find that Pareto tails give rise to a strong empirical multiscaling, but volatility
clustering can attenuate this spurious effect.

In computing H(q) from a finite sample one should care about uncertainty. We propose a
’bootstrap’ method to evaluate the reliability of H(q), i.e. its sample dependence. Using this
resampling method on real financial series we find such uncertainty suddenly start to increases as
the order q reaches the value q0 for which theoretical moments are expected to diverge. The Hurst
analysis is no longer reliable in the range of divergent moments. Since the q-dependence of H has
been observed for orders close to q0 or even larger, in our opinion the robustness of this feature is
quite doubtful.
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1 Introduction

The generalized Hurst exponent H is the most common tool used to detect multiscaling properties
of the real data series. Examples come from fluid dynamics, geophysics and finance: these multi-
scaling features were found almost everywhere. However in spite of this enthusiasm in so strong
and widespread features, the physical mechanisms able to explain multiscaling are often not well
understood. Furthermore recently some doubts about the actual stability of H when it is estimated
on a finite sample have been raised [3].

Also in finance the Hurst exponent has often been used to study the scaling properties of the
empirical time series [12, 13, 14]. In attempting to catch the multifractal features of prices’ time
evolution many theoretical models were built just starting from a multifractal measure [10, 11] or
a multiplicative cascade [9]. The exponent H can be helpful in classifing stock-market maturity too
[4]. Hence it’s a very widespred and powerful tool of investigation which can influence theoretical
model’s construction. Like every statistical tool, the determination of the exponent H should be
followed by an estimation of its uncertainty, or at least by a search of the factors that could somehow
falsify the result. This investigation becomes more and more urgent as the importance of H grows.
It’s worth noting that some remarks about the reliability and the sample dependence of the Hurst
exponent H were already made [20, 21, 6]. However the literature still lacks a systematic study of
the effects of a finite sample size, Pareto tails and volatility clustering. This paper aims at filling
such a gap.

A well-established ’stylized fact’ in all financial time series is the power law decay of return
distributions at large absolute returns, at least within the range explored until now [8]. We wonder
whether a finite sample combined with fat-tails could give rise to some spurious multiscaling in the
empirical estimation of H. To this end we first consider a simple and well-known process: the Levy
random walk. The return distributions of such process are strictly self-similar and the process itself
is perfectly simple scaling, but the empirical estimate of H, performed on any given data sample,
leads to biscaling, an extreme form of multiscaling [5]. We are going to prove that such multiscaling
is merely spurious in character. Collecting returns along the path of our time series1 gives rise to
a strong finite sample effect if these returns are distributed according to a power law. This is very
important as most of financial time series display power law tails in the density function of their
returns. Moreover, when a single empirical time series is only available, the sliding windows method
is often the main statistical tool to collect the returns, assuming a stationary process.

Then we take into account some important stock market indexes and, in order to estimate the
uncertainty associated to a finite sample we use a non-parametric statistical estimator known as
’bootstrap’ which belongs to the wider class of resampling methods [15, 16]. It is based on the
random extraction of many samples from the whole time series [17, 23]. To our knowledge there
wasn’t any effort to estimate the uncertainty associated to Hurst exponent before. We find that fat
tails are also responsible for a large amount of uncertainty in the empirical determination of H and
this uncertainty makes the multiscaling behaviour rather doubtful.

2 The generalized Hurst exponent analysis

Consider the graph x(t) of the detrended logarithmic price of some asset or financial index. In
many applications we are concerned with returns rτ (t) = x(t + τ) − x(t) for different time windows
τ . Then, for scaling invariance to hold, we ask such returns to be equally distributed up to a scale
factor depending on τ . In particular the process rτ is self-similar if, upon varying τ , all the stochastic
variables τ−αrτ have the same distribution:

rτ ∼ ταr1 (1)

where ∼ means ’equally distributed’. It’s worth stressing here that we collect returns rτ (t) along
the path x(t) for every instant t, in a so-called sliding windows method, and regard them as many
realizations of a single process rτ thus assuming homogeneity in time or stationarity.

1the so-called sliding windows method
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Going back to eq. (1) we see that PDFs pτ of returns in a time window τ must all be equal up
to a scale factor:

pτ (u) =
1

τα
p1(

u

τα
) (2)

and this in turn implies that the q-order moment of pτ , provided it exists, behaves according to

Mτ (q) =

∫

R

|u|qpτ (u) du (3)

= τ qαM1(q)

lnMτ (q) = c(q) + qα ln τ (4)

For a general processes, not necessarily a self-similar one, the scaling function D(q) = qH(q)
characterizes the dependence of the q-order moment of the returns rτ from the time windows τ :

Mτ (q) ∝ τ qH

where H is the Hurst exponent. It can be shown that a constant H = 1
2 is an asymptotical value

for independent, identically distributed flows with finite variance [1]. This value of H is distinctive
of normal scaling, whereas for H 6= 1

2 we have anomalous scaling, as in the Fractional Brownian
Motion [2]. Taking into account a strictly self-similar process for which all theoretical moments
exist, from eq. (4) we find a constant Hurst exponent

H = α

i.e. a linear scaling function D(q).
Actually self-similarity in returns distributions is a rather strong condition. When the previous

analysis is performed on most of empirical time series one finds a scaling function D(q) which is not
linear on the moment’s order q. For the sake of precision, in many financial time series, the D(q)
curve is no longer a straight line, but bends downward as the order q increases. Such behaviour is
generally regarded as multiscaling [18].

The exponent H is quite easy to obtain: empirically the q-order moment of a rich enough data
set (N � 1) is2

M e
τ (q) =

1

N

N
∑

t=1

|rτ (t)|q (5)

Then we plot lnM e
τ (q) towards ln τ and take the slope D(q) = qH(q) of the line which corresponds

to each order q. The convergence of the sum is granted as long as the theoretical moment exists.
However here a problem arises because strong evidences from data analysis suggest that the tails of
the return PDF decay as a power law. In this case D(q) is ill-defined as it is based on theoretical
moments’ existence. In next section we are going to see what happens to D(q) when moments don’t
exist.

The main problem concerning D(q) is its sample dependence, even if theoretical moments exist
for every order q. We need a statistical tool to evaluate the confidence interval of the outcoming
function D(q) when it is calculated starting from a single finite series which contains N returns.
In the empirical calculus the uncertainty which affects the sum (eq. 5) is due to the finiteness of
N: for an increasing sample size N such sum approaches the theoretical value (eq. 3) better and
better provided that the latter exists. If the theoretical moment does not converge, for a given order
q, we empirically get a finite value anyway, but the robustness of the result should be carefully
verified because the non-existence of a theoretical limit could make it very sample dependent: a few
large returns can dominate the sum in eq. (5). The ’bootstrap’ is a powerful statistical estimator
belonging to a wider class called ’resampling methods’ that is often used when a single time series
is available.

Usually we estimate the uncertainty associated to a certain quantity by repeating its determina-
tion on many simulations and looking at the spreading of the set of values obtained. Unfortunately,

2again we stress that returns are collected along the path in a so-called ’sliding window’ way
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however, in finance we cannot restart the process. Instead we can extract many samples from the
whole history. By repeating the determination on every sample we get a set of values for D(q) and
we can evaluate the uncertainty simply by looking at the dispersion of these values around the curve
D(q) obtained from the whole series. Essentially a small dispersion suggest a great robustness, on
the contrary a wider range of values means that H is more sample dependent and unreliable. Thus
the area covered by this bundle of curves D(q) provides a confidence interval for D(q).

To test the correctness of this estimator we proceed to apply it to a well-known process: the
gaussian random walk; steps are independent increments identically distributed according to a Gauss
law with zero mean and variance σ2. i.e. with a PDF: N (0, σ). Since the sum of τ independent
gaussian distributed increments3 is again a gaussian distributed variable (stability):

τ
∑

i=1

Ni(0, σ) = N (0,
√

τσ)

we know that H = 1
2 ; so we expect D(q) to be a straight line with slope very close to 0.5.

We can estimate the accuracy of our method by observing the spreading of curves D(q) calculated
for many subsamples. Moments always exist for gaussian distributed increments, so we are confident
to find a narrow bundle of curves D(q) around the theoretical line D(q) = 1

2q, even for large q. Fig.
(1(a)) shows a simulation with N = 25000 returns; and fig. (2(a)) the theoretical line together with
the curves D(q) obtained from many randomly chosen samples of size N = 5000. Clearly, regardless
of the sample extracted, our expectation is fulfilled within a very small error.

3 Lorentzian random walk)

In the previous example the Hurst exponent analysis led correctly to simple scaling. This is primarily
due to the circumstance that Brownian motion increments are distributed according to a Gauss law
whose tails decay faster than exponentially. We wonder whether the Hurst exponent still leads to a
correct view when large returns follow a Pareto tail. We consider again a process with independent
increments, but now we draw them out from a Cauchy distribution:

Lλ(u) =
λ

π

1

λ2 + u2
(6)

where λ defines the distribution’s width. Cauchy law belongs to the class of Levy stable distributions
and has power-law tails which decay as a power law:

Lλ(u) ∝ u−2 for u � 1

Let Lλ(i) i = 1 . . . τ be random variables distributed according to eq. (6), then their sum4 is a
return rτ and, due to stability:

rτ =
τ

∑

i=1

Lλ(i) ∼ Lτλ

Hence the returns rτ are distributed according to a Cauchy law with width parameter equal to λτ

(scaling):

pτ (u) =
λτ

π

1

(λτ)2 + u2

=
1

τ
Lλ(

u

τ
)

This means that our process, which we call a Lorentzian Random Walk, is perfectly self-similar with
scaling exponent α = 1, but has diverging q-order moments for q ≥ 1.

3that is a return rτ
4again ∼ stands for ’equally distributed’
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Since the return PDFs pτ are all equal up to a scale factor τ , we could forecast D(q) to be a
straight line with slope H = 1, as in the case of the Gaussian Random Walk, no matter how large
the order q is, provided that the sample size N is large enough:

D(q) = q ∀ q ≥ 0

Surely the above equation is true for q < 1, when theoretical moments exist, see eq. (3).
For q ≥ 1 theoretical moments diverge, but for a given sample size N we empirically get a finite

value M e
τ (q) all the same, see eq. (5). Then we can regard lnM e

τ (q) as a stochastic variable and

calculate its density function P (q)
τ starting from that of rτ . It is very important to stress here that

in order to get P (q)
τ we are not going to use a sliding windows method, i.e. we do not restrict the

analysis to a single time series; instead we generate N returns for every value of the order q and of
the time window τ .

The stochastic variables |rτ (i)|q are distributed according to5

2

q

pτ (u
1/q)

u1−1/q

hence their characteristic function is

f (q)
τ (k) =

2

q

∫

∞

0
du exp ikuqpτ (u)

Using the self-similarity of pτ one easily get6:

f (q)
τ (k) = f

(q)
1 (ταqk)

Since |rτ (i)|q are independent, the characteristic function of their sum is the product of all charac-
teristic functions, so the CF of M e

τ (q) is:

[

f (q)
τ (

k

N
)

]N

=

[

f
(q)
1 (ταq k

N
)

]N

=

[

f
(q)
1 (ταq k

N
)

]N

This means that the PDFs of M e
τ (q) also are self-similar:

M e
τ (q) ∼ τ qαM1(q)

This in turn implies7 that the PDFs P (q)
τ of the logarithm of q-order moments are shifted by a

quantity αq ln τ :

P(q)
τ (u) = P(q)

1 (u − qα ln τ)

so
〈lnM e

τ (q)〉 = 〈lnM e
1 (q)〉 + D(q) ln τ (7)

where
D(q) = αq

and α = 1 in our case. The ensemble averages above 〈·〉 are taken over many empirical realizations
of our Lorentzian Random Walk each containing N returns.

It’s worth noting that we made not any hypothesis on the moments’ existence. Consider a large
amount N of returns. First take an order q < 1, thus the moments Mτ (q) theoretically exist. In

5if x is a stochastic variable with PDF px then the variable y = xq has PDF py(u) =
1

q

px(u1/q)

u1−1/q
. The factor 2 in

front comes from the symmetry of Lλ(u) for the transformation u → −u
6in what follows we left the scaling exponent α unspecified for the sake of generality, but it should be borne in

mind that α = 1 in the present case
7if the stochastic variable x has distribution px then y = ln x is distributed according to py(u) = eu p(eu)
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(a) Gaussian Random Walk.
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(b) Lorentzian Random Walk.

Figure 1: random walk simulations with N=25000 independent increments. In (1(a)) the parameter σ =
0.0113 was set equal to the unconditioned standard deviation of Dow Jones returns; similarly in (1(b)) the
parameter γ = 0.00614 was set to fit the width of Dow Jones returns PDF.

such a case, due to the Law of Large Numbers, P (q)
τ are very close to Dirac Delta functions centered

in lnMτ (q); then eq. (7) simply become:

Mq(τ) = Mq(1) + D(q) ln τ with D(q) = q

as expected. Moreover, since we are dealing with Delta functions, we expect deviations from linearity
of the curve D(q) to be negligible for a sample with lots of data. Now look at an order q ≥ 1. Whilst
eq. (7) still hold we don’t expect deviations to be negligible, no matter how large N is. This is

why limN→∞〈lnM e
τ (q)〉 = ∞ and P(q)

τ cannot converge to a delta. Actually it cannot converge to

any density function. Anyway the dependence on τ of P (q)
τ , once N is given, still implies that the

empirical curve D(q) follows a straight line8 with slope α = 1, even if deviations may be important
when q ≥ 1.

In conclusion a self-affine process with independent increments has a linear scaling function D(q)
no matter whether theoretical moments exist or not. A simulation of a lorentzian random walk is
shown in fig. (1(b)); as before N = 25000. When the generalized Hurst exponent calculation is
performed on the simulated series and on many randomly extracted samples of size N = 5000 we
get a somehow unexpected result: within a small error all curves strongly bend downward at q = 1.
It is very important to stress that now we use the sliding windows method to get returns from a
single history, as we have to do for any financial index.

For smaller orders the slope is H = 1 and then, beyond q = 1, it vanishes and the curves D(q)
become horizontal, see fig. (2(b)). Furthermore such behaviour does not depend on the choice
of the sample. This is generally accepted as multiscaling, or bifractality, indeed it is so according
to the previous definition based on moments. However the process has independent returns with
perfectly self-similar Probability Density Functions. We just saw that in this case D(q) should
follow a straight line if collecting returns along a path (the ’sliding window’) would be equivalent to
ensemble averaging. We also stress that the curve D(q) becomes suddenly horizontal when the order
q of moments reaches unity, i.e. at the threshold for diverging moments. In conclusions we suggest
that the generalized Hurst exponent analysis gives rise to spurious multiscaling even for self-similar
processes, when returns are distributed according to a power law.

8in particular for what follows it’s enough to state that D(q) strictly grows with q
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Figure 2: Scaling functions D(q) for several samples (N=5000, black curves) extracted from the whole series
(red curves) plotted in fig. (1). The theoretical lines are drawn in blue.

4 Financial indexes

Since the finite size effect viewed in the last section begins at the threshold order q for which the
relative theoretical moment diverge we may worry about the reliability of D(q) when it’s estimated
on a single financial time series. Indeed the data analysis performed on such series, like the stock
indexes, clearly show fat tails.

Let’s now proceed to study some important Stock Market indexes. Data are collected daily for
each index starting from its birth to the present, so the availability of a large sized series led our
choice towards the oldest ones, namely Dow Jones and Standard & Poor. Since we need a stationary
stochastic process x(t) we start by linearly detrending the logarithm of prices S(t) of each index
[19]:

x(t) = lnS(t) − At − B

The parameter A and B came from a linear best fit interpolation of lnS(t). In the following table
we show the parameters calculated for each index taken into account, see fig. (3(a)).

Index from until data set size N A × 10−4 B

Dow Jones Ind. 02/01/1900 14/11/2005 26589 1.90 3.52
Standard & Poor 500 03/01/1928 29/12/2006 19837 2.59 1.82
Dow Jones Trans. 02/02/1897 31/08/2005 27260 1.26 3.47
Standard & Poor (1950) 03/01/1950 18/12/2006 14333 2.82 3.06

Table 1: Stock Market indexes.

Fig. (3(b)) shows the return PDFs for a time window τ ranging from 1 to 32, rescaled according
to eq. (2) with α = 0.52. The very good collapse of all distributions warrants for their self-affinity
[22], at least inside this range 1 ≤ τ ≤ 32. It’s worth to stress that scaling properties hold for
small time windows only because for τ so large that correlations become negligible the process is
fairly independent with finite variance and, due to Central Limit Theorem, the distribution of rτ

converges to a Gauss law.
Furthermore, even if tails in fig. (3(b)) are worse sampled than the central bulk, we clearly

observe the presence of a power law decay:

pτ (u) ∝ u−γ for u � 1

empirical estimations suggest a value
γ ≈ 4
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so the existence of q-order theoretical moments is only warranted for an order q strictly less than
q0 = γ − 1. We remark that the above estimation is affected by great uncertainty, nevertheless the
finiteness of the variance is a robust stylized fact.

Fig. (4) shows the behaviour of D(q) for our indexes. The generalized Hurst analysis was carried
out on the whole series (red thick line) and on many uniformly extracted samples, giving a bundle
of curves for each index (black lines). In order to test the robustness of the curve D(q) we used a
bootstrap method. When dealing with correlated series the subsample extracted should not overlap
too much otherwise they cannot regarded as distincts. Their separation should be greater than the
decorrelation time, i.e. the time window needed to consider two returns as independents. However
the reliability of the bootstrap estimator is as greater as the extracted samples are longer and more
numerous; so the size of samples we drawed from the whole series was set to N = 5000 and in the
extraction procedure very overlapping samples were avoided.

The main features which stand out are the following.

• A downward bending of all curves, or rather a downward deviation from the straight line

D(q) =
1

2
q : this is generally accepted as multiscaling.

• The spreading of D(q) curves is very different from those of previous examples, i.e. Gaussian
and Lorentzian Random Walk. Here we distinguish quite clearly two regions: before a certain
order q∗ the curves are close to one another, but beyond q∗ much of them start to diverge.
The behaviour of D(q) become very erratic beyond q∗: it changes very much when the sample
is changed. One can approximately value

q∗ ∼ 3

• A kind of clustering among D(q) curves. Their spreading doesn’t span a continous area, it
tends to occupy discrete sites. D(q) stay the same for some extracted samples and then changes
abruptly.

The approximative value of q∗ agrees with q0 = γ−1 the order at which one expect the theoretical
moment to diverge. There is no any reason for such a coincidence: we believe it’s a clue suggesting
that the non-existence of a limit for the sum in eq. (5) can give rise to a strong sample dependence in
the determination of the Hurst exponent. The uncertainty associated to D(q) beyond the threshold
order q0 is so high that any effort to state its form precisely is useless. Furthermore we can observe
many sample to behave according biscaling, like the Lorentzian Random Walk in section (2). The
strong bending which make D(q) horizontal just begins when q = q0, i.e. when theoretical moments
diverge. Hence, remembering the spurious effect which affects the Lorentzian random walk, see
section (3), we may ask whether this multiscaling is real or merely an illusion.

5 Volatility clustering effect

The normalized autocorrelation A(s) among absolute values of returns r1, or volatility clustering, is
a decreasing function of the time gap s between two returns:

A(s) =
〈r1(t + s) r1(t)〉 − 〈r1(t + s)〉〈r1(t)〉

σ2

where the mean 〈·〉 is a sum over t, for 1 ≤ t ≤ N − s. Clearly A(0) = 1, then A(s) usually decays
as a power law until it vanishes around s ≈ 2000, the decorrelation time.

In section (3) we found a very strong spurious multiscaling due to Pareto tails in a process with
independent increments, beyond the threshold order q0 of diverging moments; in the last section (4)
we found a great erraticity in the scaling function D(q), again beyond the threshold order q = q0.
Now we proceed in taking into account correlations among the returns. To understand the influence
of the volatility clustering we would need a correlated process which display fat tails in return PDFs
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Figure 3: (3(a)) histories of some Stock Market indexes. Data have been collected daily, at closure. (3(b))
Dow Jones Ind. return PDFs for several time window τ = 2i i = 0 . . . 5. Each density function was rescaled
by a factor τH with H=0.52

and which is analitically soluble in order to state self-similarity exactly. Otherwise we may consider
our real financial indexes. Of course we cannot state self-similarity here nor solve analitically the
problem, but we can destroy any correlation by reshuffling data randomly. A permutation on the
set of returns r1 available doesn’t change the empirical sums (eq. 5), neither their distribution;
but surely it will make volatility clustering negligible. Then a comparison between the curve D(q)
obtained by real data and by the same reshuffled data should provided us with an understanding of
volatility clustering effects.

We randomly reshuffled the whole series of the Dow Jones Industrial daily returns and then
performed the same analysis as in the case of Gaussian and Lorentzian random walk. It’s important
to remember that for the PDF of returns variance σ2 is very strongly suggested to exist, see section
(4), so returns rτ → N (0, σ

√
τ) as τ → ∞. Correlations avoid such convergence until the time

window τ become so large to make them negligible. If the correlations are destroyed one may worry
about the existence of scaling properties themselves, i.e. the validity of eq. (2) which implies the
same functional form for return PDFs regardless of the time window τ . Fortunately it seems that
sums of variables distributed according to a law whith long tails converge to the Gaussian very
slowly [7], so we can approximatively regard scaling as still holding in the range 1 ≤ τ ≤ 32.

In fig. (5) we show the result obtained. The bundle of curves D(q) should be compared with the
bundle from the original series (fig. 4(a)). Here we get another somehow singular result: volatility
clustering attenuates the multiscaling behaviour of our indexes; whilst correlation among returns
was often found to be a cause of multiscaling. When there is not any dependence between returns
D(q) behaves as if it’s affected by the same spurious effect seen in section (3). In our opinion this is
another fact supporting that the multiscaling observed in the financial indexes considered is fictious.

6 Conclusions

First we studied a well-known analytically soluble process: the Lorentzian Random Walk, a process
belonging to the Levy Flights. In spite of its simplicity we found a rather singular result. Whilst
this process is perfectly self-similar and the scaling function should be linear with slope 1, collecting
increments using a sliding windows method from a single history leads to a multiscaling behaviour.
We prove such spurious multiscaling to be due to Pareto tails as it begins when moments ceases to
exist.

As a further step we proceed in estimating the uncertainty associated to the determination of
Hurst exponent for some of the most famous financial indexes. To this end we used a non-parametric
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Figure 4: Scaling functions D(q) for several samples (N=5000, black curves) extracted from the whole series
(red curves) plotted in fig. (3(a)).
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Figure 5: Scaling functions D(q) for several samples (N=5000, black curves) extracted from the reshuffled
Dow Jones Industrial index. The curve for the whole reshuffled series is also shown (red curves)
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bootstrap method. The main empirical results are shown in fig. (4). Clearly the scaling function
D(q) becomes very erratic and sample dependent beyond the threshold q0 of divergent moments.
Actually the uncertainty is so high for q > q0 to make D(q) completely unreliable in this range.

The last step took into account correlations. We saw in section (4) that a positive correlation
among increments can raise the curve D(q) towards linearity, compare fig. (4(a)) and (5). When
volatility clustering vanishes, after a data reshuffling, we get a multiscaling behaviour of the curve
D(q) related to Dow Jones Industrial index which is very similar to the one related to the Lorentzian
random walk. However we saw the latter multiscaling features to be fictious. Since ultimately this
spurious features are due to the sliding windows method and to Pareto tails; and since both are
also present in the analysis performed on all our financial indexes; we cannot exclude that the
multiscaling properties of these financial indexes are spurious too.

In conclusion there are many evidences that the multiscaling behaviour observed in the financial
indexes considered is merely a finite sample size effect due to the sliding windows method of collecting
returns and to the power law tails.
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