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Abstract

This paper reviews the development of agent-based (computational) economics
(ACE) from an econometrics viewpoint. The review comprises of three stages, char-
acterizing the past, the present, and the future of this development. The first two
stages can be interpreted as an attempt to build the econometric foundation of ACE,
and, through that, enrich its empirical content. The second stage may then invoke
an reverse reflection on the possible agent-based foundation of econometrics. While
ACE modeling has been applied to different branches of economics, the one, and
probably the only one, which is able to evidence this three-stage development is fi-
nance or financial economics. We, therefore, will focus our review only on the litera-
ture of agent-based computational finance, or more specifically, agent-based model-
ing of financial markets.
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1 Introduction

1.1 A Three-Stage Development

Recently, we evidence increasing conversations between agent-based computational eco-
nomics (ACE) and econometrics.! In this paper, we review the relation between the two.
While the link can be bi-directional, as we shall see in this survey, most work developed
so far follow the direction from econometrics to ACE and gradually consolidate ACE by

n fact, this trend is generally shared in other social sciences to which agent-based approach is applied
(Janssen and Ostrom, 2006).



shaping its econometric foundation. However, what is perhaps equally important and
interesting is the reverse direction, i.e., the potential influence of ACE to econometrics.
One issue which has long concerned econometricians is the problem of aggregation over
individuals, in particular, when these individuals are heterogeneous and their composi-
tion is dynamically changing (Stoker, 1993; Gallegati, Palestrini, Delli Gatti, and Scalas,
2006). ACE, as a micro-macro model, serves as an ideal approach to study this problem.

This survey article is, therefore, divided into three parts which correspond to a three-
stage development of the literature. The first two stages, namely, the econometric influence
to ACE, examine the econometric practice in ACE modeling. The first stage, entitled with
“presenting ACE with econometrics,” is to use econometrics to analyze the data generated
from the ACE models, and see whether they are able to display a number of frequently
observed empirical features, i.e., to replicate or grow “stylized facts.” At this stage, the
efforts are made to fine-tune the ACE model by matching the statistical properties of
the real data with those of the artificial data to a qualitative precision. For example, if
the real data exhibits the feature of volatility clustering, can a specific ACE model with a
proper design generate the data sharing the same feature? As we frequently experienced,
there may be many designs which are capable to feature the same stylized fact; however,
attempts to distinguish them were only made at the later (second) stage.

The concept of “optimizing” ACE models with real data characterizes the develop-
ment of the next stage, which is entitled with “building ACE with econometrics.” In this
stage, econometrics is used directly or indirectly, top-down or bottom-up, to estimate or cal-
ibrate ACE models. The attempt is to make ACE models can replicate the stylized facts
to a degree of quantitative precision, and, even more ambitiously, to use ACE models to
forecast the future.

The last part of the paper examines the above link in a reverse direction, i.e., looking
at the influence of ACE to econometrics. In this third stage, entitled with “emerging econo-
metrics with ACE,” econometrics is still applied to the artificial data generated by ACE;
however, instead of replicating the macroscopic structure, we examine whether macro-
scopic structure described by the econometric results from the artificial data can be, in a
sense, consistent with the micro-structure. This brings us to the elusive quest of a repre-
sentative agent and the associated economic conditions for consistency in aggregation, an
issue well discussed in both economic theory and econometrics (Kirman, 1992; Hartely,
1997; Casella, Thoron, and Trannoy, 2007).

However, the three-stage development sketched above is not generally shared by all
economic research areas. The one, and probably the only one, which can demonstrate
the three-stage development is finance or financial economics. This is because that, over
the last decade, the research area referred to as agent-based models of financial markets has
grown very rapidly, and, in the meantime, financial econometrics also experiences high
prosperity. The two together happens to provide an excellent opportunity for us to ex-
amine the collaboration between ACE and econometrics. In this survey, we, therefore,
review the three-stage development exclusively within this backgrounds. To make this
focus sharp, we shall use the abbreviation ACF (agent-based computational finance), in-
stead of ACE, when this specificity is clear.
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Figure 1: A Spectrum of ACF Models: Heterogeneity

1.2 Organization of the Survey

Our survey mainly focuses on the concepts and the associated key questions appearing
in each stage. For the first-stage development, the question to address is, given a set of
stylized facts, what are the necessary elements to make an ACF model be able to replicate
those stylized features. By and large, we inquire how much we can attribute the causes of
the stylized facts to heterogeneity and bounded rationality (learning) of agents, the two
pillars of ACE.? This naturally leads us to a taxonomy of ACF models based on the design
of agents, also known as agent engineering.

In this paper, we consider two different designs of financial agents. The first one is
referred to as the N-type design (Section 2.1), whereas the second one is referred to as
the autonomous-agent design (Section 2.2). The most familiar example of the former is the
fundamentalist-chartist model, and the most often cited one of the latter is the SFI (Santa Fe
Institute) artificial stock market. The latter is complex than the former in many ways, in-
cluding the decision rules, the adaptive behavior and the degree of heterogeneity among
agents.

The two designs can be considered as two opposite positions in a spectrum as shown
in Figure 1, which arranges the ACF models from simple ones to complex ones. This
incremental process in design makes us easier to address the necessity of the complex
models. Specifically, Section 3 will address the issue: given the set of stylized facts which
can be explained by the simple agent-based models, what is the addition explanation
power one can have by making more complex models? Can complex models grow or
replicate more stylized facts? Section 3.1 gives a quick summary of those stylized facts
available from the literature . Section 3.2 then analyzes how these stylized facts are suc-
cessfully explained or replicated by various classes of ACF models.

The same style of analysis is carried over to the addressing of the second-stage de-
velopment. At this stage, we ask what makes an ACE model econometrically tractable.

20ne can further include social networks to make it be three. However, in this paper, the review is mainly
restricted on agent-based financial markets, and so far there has not been much work taking social network
into account. We, therefore, shall leave it away in this paper. We will come back to visit this issue in the
concluding section.



Alternatively put, what are the necessary restrictions or assumptions needed to be im-
posed before an ACE model can be estimated? However, we will soon realize that the
answer would not be independent of the estimation method involved. This leads us to dis-
tinguish three main estimation methods, namely, maximum likelihood, least square, and
moments, and the variations of the three. Generally speaking, the complexity of the ob-
jective function associated with the number of the parameters to be estimated will deter-
mine the use of the estimation methods. As a result, ACE models can also be categorized
by the appropriate estimation method which makes them econometrically tractable.

Questions addressed in the third stage are very different from the first two. It is not
about the empirical relevance or empirical validation of the built ACE models, but using
the ACE models as a tool to address the aggregation problem or the analogy principle, which
has been extensively discussed in the literature (Blinder, 1983; Barker and Pesaran, 1990;
Forni and Lippi, 1997; Gallegati, Palestrini, Delli Gatti, and Scalas, 2006). In light of the
Debreu-Mantel-Sonnenschein theorem, there is no ground to expect macro behavior to be in
any way similar or analogous to the behavior of individual agents. ACE models can help
us see how dissimilar the two can have, if the aggregation is made from the ACE models.

With the description above, the rest of the chapter is organized as follows. The three-
stage development of literature are given in Section 3 (Presenting ACE with Economet-
rics), Section 4 (Building ACE with Econometrics), and Section 5 (Emerging Econometrics
with ACE). Concluding remarks are given in Section 6.

2 Taxonomy of ACE Models

In the middle and late 1990s, we begin to see the attempts using agent-based financial
models to explain some empirical regularities observed from financial data.(Lux, 1995,
1997, 1998; LeBaron, Arthur and Palmer, 1999; Arifovic and Gencay, 2000). These at-
tempts involve the use of very different agent-based models. To see how different they
are, it is useful to categorize the ACF models by their density (simplicity or complexity)
in the three essential elements, namely, heterogeneity, learning, and interactions.>

In terms of heterogeneity, we can distinguish simple heterogeneity from complex hetero-
geneity (LeBaron, 2000). The former can be exemplified by the famous models of funda-
mentalists and chartists*, where there are only two different types of agents. The later
can be exemplified by the SFI (Santa Fe Institute) artificial stock markets, where they are
potentially infinite types of agents (Arthur et al., 1997). Regarding learning, there is also a
spectrum from simple learning (algorithms) to complex learning (algorithms). Examples of
the former are pure imitation and reinforcement learning, whereas examples of the latter
are artificial neural networks, genetic algorithms, and genetic programming.® Likewise,
as for interactions, we can start from simple interactions, which either involves no net-
work topologies or only simple networks, to sophisticated interactions, which requires
complex network topologies.

3By saying so, the authors are aware of the existence of other taxonomies (Hommes, 2006; LeBaron, 2006;
Samanidou, Zschischang, Stauffer, and Lux, 2007).

% A nice survey of this class of models is given in Hommes (2006).

SBrenner (2006) and Duffy (2006) provide rich resources on various learning algorithms used in agent-
based modeling.



With these three essential elements as the background, we shall start with the simplest
possible class of ACF models, which is simple in each of the three elements, i.e., simple
heterogeneity, simple learning, and simple interaction. We then ask what are the stylized
facts which can be accounted for by this simplest ACF models, and what are the styl-
ized facts which are beyond their reachability. Using an incremental approach, we then
ask how far we can move by gradually building more complex models, by being more
complex in heterogeneity, learning, or interaction. From this gradual process, we can ap-
preciate the contribution of each of the three elements to the emergence of the stylized
facts. This way of organizing and presenting ACF models is similar to the inquiry of the
necessary and sufficient conditions of the stylized facts.

2.1 N-Type Designs

In reality, financial agents can differ in many dimensions, ranging from expectations for-
mation (beliefs), trading strategies, information exposure, risk attitudes, wealth (invest-
ment scale), the need for liquidity, etc. Given this high-dimensional heterogeneity, the
essential question for financial agent engineering is to decide how much heterogeneity is
to be reflected in the artificial markets. How coarser or finer do we want to differentiate
these financial agents?

Before we examine the design of artificial financial agents, it is useful to recall what we
have done for other artifacts. To name a few, the design of artificial ants (ant algorithms)
was motivated by observing the behavior of real ants in a laboratory; the design of arti-
ficial bacteria (bacterial algorithms) was inspired by the microbial evolution phenomenon;
the design of the artificial brain (neural networks, self-organizing maps) was motivated by
the study of the real human brain; and the design of the evolutionary process (evolutionary
algorithms) was inspired by the real biological evolution. Generally speaking, the design
of an artifact is, by and large, motivated and guided by the behavior of its counterpart in
nature.

The design of artificial financial agents is no exception. It is highly motivated by ob-
serving how real financial agents behave. Empirical evidence accumulated since the late
1980s and early 1990s has shed new light on the forecasting behavior of financial agents.
This empirical evidence was obtained through different kinds of surveys, such as ques-
tionnaires and telephone interviews, with financial specialists, bankers, currency traders,
and dealers, etc. (Frankel and Froot , 1990; Allen and Taylor , 1990). The general findings
from these abundantly established empirical data are two-fold. First, the data indicate
that, by and large, there are two kinds of expectations existing in the market. The one
which is characterized as a stabilizing force of the market is associated with a type of fi-
nancial agent, called the fundamentalist. The one which is characterized as a destabilizing
force is associated with another type of financial agent, called the chartist, technical ana-
lyst or trend extrapolator. Second, the proportion (micro-structure) of fundamentalists and
chartists, also called the market fraction, is changing over time, which indicates the adap-
tive aspects of financial agents. These empirical findings provide the initial direction for
the early development of financial agent engineering. First, they suggest what rules to
look at; second, they point out the significance of learning and adaptation.

Fundamentalists and chartists are concerned with two very different beliefs regarding
the stock price dynamics. In a simple setting, they differ in term of the mean-reverting



speed of the stock price when it is mispriced (undervalued or overvalued). Fundamental-
ists tend to believe that the mispriced situation will soon be corrected, whereas chartists
tend to believe that in the short run it will continue.

2.1.1 Two-Type and Three-Type Designs

Among all classes of ACF models, obviously the two-type design is the simplest kind
of heterogeneity which one can have. There is a precise behavioral rule for each type of
agents. In each period of time, each agent has to choose one of these two types, and this
choice will be reviewed and revised constantly. Hence, in next period, agents may switch
between the two types. Learning and interaction are all encapsulated in the switching
mechanism, i.e., the binary choice model, the simplest discrete choice model.

To make this design more precise, we denote the forecasting rule of a type-h agent
generally as follows:

Eptlpest] = fue(pr, pr-1, ), 1)

where Ej ; refers to the expectations of the type-h agent at time t. Equation (1) indicates
the one-step ahead forecast. At the beginning, we start with a very general forecasting
function f;, ;, which uses all the historical data on price up to the present. Also, consider
that agents are adaptive, we allow the function to change overtime and hence denote it
by the subscript .

For the fundamentalists (4 = f) and chartists (& = c), their forecast rules, in a very
simple setting, can be written as

E¢ilpre1] = pr +“f(P{ —pt), 0<ar<1, 2

Ect(prs1) = pe + ac(pr — pi-1), 0 < ac. 3)

Among all classes of ACF models, the simplest one which can serve as a starting point is
the two-type models. These models have two types of agents, and they differ in their beliefs
and the associated trading strategies. While one of these two types of agents is always
called fundamentalists, the other may have different names, such as chartists, technical
traders, trend-follows, or noisy traders.

The idea of these two behavioral rules is that the fundamentalist has a mean-reverting
belief, and his belief is characterized by a reverting coefficient (« ) whereas the chartist
has the trend-continuing belief, and his belief is characterized by an extrapolating coeffi-
cient (ac). The magnitude of the reverting coefficient (as) measures the speed with which

the fundamentalists expect the price to return to the fundamental one (p{r ), whereas the
magnitude of extrapolating coefficient (a.) expresses the degree with which chartists the
past change into the future.

Three-Type Designs There is little doubt that the behavior of financial agents can be
more complex than the two-type design. One obvious way to scale-up this design is to
add more types of agents to the model so as to take into account a finer degree of het-
erogeneity of financial agents. This type of expansion is called the N-type design. For ex-
ample, in a three-type design, one can further distinguish two kinds of chartists, namely,
momentum traders and contrarian traders, or simply, contrarians. Like momentum traders,



contrarians extrapolate past movements of the price into the future, but they follow the
opposite of the trend. More precisely, their forecasting rule is as follows:

Eco,t(PH—l) = Pt + lxco(pt - Pt—l)/ Ko < 0. (4)

Contrarians consider that the price trend will finish soon, and will start to reverse. How-
ever, unlike fundamentalists, contrarians do not base their forecasts on the fundamental
price, which they either do not know, or they do not care.

The recent availability of more proprietary data has enhanced the transparency of
the trading behavior of financial agents, including both individual and institutional in-
vestors. Empirical studies using this data have shown that individuals and institutions
differ systematically in their reaction to past price performance and the degree to which
they follow momentum and contrarian strategies. On average, individual investors are
contrarian investors: they tend to buy stocks that have recently underperformed the mar-
ket and sell stocks that have performed well in recent weeks (Barber and Odean, 2000).
With this empirical basis, financial agent engineering has already added the contrarians
to the fundamentalist-chartist model, and popularized this three-type design.®

Generalization of 2- and 3-Type Designs Financial agent engineering can be also ad-
vanced by enriching the behavioral rules associated with each type of financial agent.
This alteration may make financial agents more interdisciplinary. Considerations from
different fields, including neural sciences, cognitive psychology, and statistics, can be
incorporated into designs. For example, in behavioral finance, there is a psychological
bias known as the “law of small numbers”, which basically says that people underweight
long-term averages, and tend to put too much weight on recent experiences (the recency
effect). When equity returns have been high for many years, financial agents with this
bias may believe that high equity returns are “normal”. By design, we can take such bias
into account. One way to do so is to add a memory parameter to the behavioral rules of our
financial agents. This more general rule for contrarians is specified as follows:

T .
Eci(prs1) = pr+ac(1—Be) Y (Be) (pe—i — Pr—ic1), 0<ae, 0< B <1 (5)
i=0

T
Eco,t(PH—l) = Pt + “co(l - ,Bco) Z(,Bco)l(Ptfi - ptfifl)/ 0 > Keo, 0 < ,Bco < 1. (6)

i=0
The momentum traders and contrarians now compute a moving average of the past
changes in the stock price and they extrapolate these changes into the future of the stock
price. However, we assume that there is an exponential decay in the weights given to the
past changes in the stock price. The parameters B, and B, can be interpreted as reflecting
the memory of momentum traders and contrarians. If B = B, = 0, momentum traders
and contrarians remember only the last period’s price change and they extrapolate this

®There is no standard specification of these three type of traders. One way to construct the three-type
model is simply to add one more type of traders to the existing two-type model. For example, adding noise
traders to fundamentalists and chartists (Kaizoji, 2003), or adding contrarian traders to fundamentalists and
trend followers model (Sansone and Garofalo, 2007).



into the future. When B, and ., increase, the weight given to the price changes farther
away in the past increases. In other words, chartists” memory becomes longer.

The psychological bias mentioned earlier, therefore, corresponds to a small value of
this memory parameter, and this “hypothesis” can actually be tested (Amilon , 2008).”

Adaptive Behavior In the original fundamentalist-chartist model, learning does not ex-
ist. Agents who initially happen to be fundamentalists will continue to be fundamental-
ists and will never change this role, and likewise for chartists. As a result, the proportion
(market fraction) of fundamentalists and chartists remains fixed. Nonetheless, this sim-
plification underestimates the uncertainty faced by each trader. In general, traders, be
they fundamentalists or chartists, can never be certain about the duration of the biased
trend, since the trend can finish in weeks, months, or years. This uncertainty causes the
alerted traders to review and revise their beliefs constantly. In other words, traders are
adaptive.

Therefore, a further development of financial agent engineering is to consider an
evolving micro-structure of market participants. In this extension, the idea of adaptive
agents or learning agents is introduced into the model. Hence, an agent who was a fun-
damentalist (chartist) may now switch to being a chartist (fundamentalist) if he consid-
ers this switching to be more promising. Since, in the two-type model, agents can only
choose to be either a fundamentalist or a chartist, modeling their learning behavior be-
comes quite simple, and is typically done using a binary-choice model, specifically, the logit
model or the Gibbs-Boltzmann distribution (Luce, 1959; Blume, 1983).

The logit model, also known as the Luce model, is the main model used in the psycho-
logical theory of choice. Consider two alternatives f (fundamentalist) and ¢ (chartist).
Each will produce some gains to the agent. However, since the gain is random, the choice
made by the agent is random as well. The logit model assumes that the probability of the
agent choosing f is the probability that the profits or utilities gained from choosing f are
greater than those gained from choosing c¢. Under a certain assumption for the random
component of the utility, one can derive the following binary logit model:3
exp/‘Vf/H
expVir1 4 exptVer1’

Prob(X = f,t) = (7)

where Vf,t and V,; are the deterministic components of the gains from the alternatives
f and c at time t. The parameter A is a parameter carried over from the assumed ran-
dom component. The logit model says that the probability of choosing the alternative f
depends on its absolute deterministic advantages, as we can see from the following refor-

mulation: 1

1 _|_ expf(/\(vf,tflfvc,tfl) )

(®)

Prob(X = f,t) =

7Using the data for the S&P 500 index, from January 1980 to December 2000, Amilon (2008) actually es-
timated a three-type agent-based financial market model, and found that contrarians have a longer memory
than momentum traders when they form their forecast of the future price. Of course, this is just the begin-
ning in terms of seeing how agent-based financial market models can be quantified so as to communicate
with behavioral finance.

8The extension into the multinomial logit model is straightforward.



When applied to the agent-based financial models, these deterministic components are
usually related to the temporal realized profits associated with different forecasting rules.
So, in the two-type model, if V; can be the temporal realized profits from being a funda-
mentalist, then V. ; can be the temporal realized profits from being a chartist. In addition,
there is a new interpretation for the parameter 8, namely, the intensity of choice, because
it basically measures the extent to which agents are sensitive to the additional profits
gained from choosing f instead of c.

Market Maker Equation The distribution function above then determines the market
fraction of each type of agent in the market. For example, if Prob(X = F) = 0.8, it
means that 80% of the market participants are fundamentalists and the remaining 20%
are chartists. The asset price will be determined by this market fraction via the market
maker equation.

pt = pi—1+ po + p1D; )

where
Dt - th,tdh,t - ZPT’Ob(X == h, t)dh,t' (10)
h h

Equation (9) is the market maker equation, which assumes that the price is adjusted by
the market maker, whose decision is in turn determined by the excess demand normalized
by the number of market participants, D;. Dy, in Equation (10), is a weighted average of
the individual demand of each type of traders, weighted by the market fractions (7).

An alternative to determine the market price is through the familiar Walrasian equi-
librium, which is also frequently used in ACF models..

Risk Preference and Portfolio Demand for assets of each type of traders is derived in
a standard expected-utility maximization manner, which depends on the risk preference
of the type-h agent. Risk preference is important because it is the main determinant of
agents’ portfolios, i.e., how agents’ wealth is distributed among different assets. The clas-
sical Markowitz mean-variance portfolio selection model offered the first systematic treatment
of asset allocation. Harry Markowitz, who later received the 1990 Nobel Prize in Eco-
nomics for this contribution, assumes that investors are concerned only with the mean
and variance of returns. This mean-variance preference has been extensively applied to
modeling agents’ risk preference since the variance of returns is normally accepted as a
measure of risk.

In addition to the mean-variance preference, there are two other classes of risk prefer-
ences that are widely accepted in the standard theory of finance. These two correspond
to two different attitudes toward risk aversion. One is called constant absolute risk aversion
(CARA), and the other is called constant relative risk aversion (CRRA). When an agent’s
preference exhibits CARA, his demand for the risky asset (or stock) is independent of
his changes in wealth. When an agent’s preference exhibits CRRA, his demand for risky
assets will increase with wealth in a linear way. Using a Taylor expansion, one can con-
nect the mean-variance preference to CARA preferences and CRRA preferences. In fact,
when the returns on the risky assets follow a normal distribution, the demand for risky
assets under the mean-variance reference is the same of that under the CARA preference,
is determined by the subjective-risk-adjusted expected return.



dys = Ene(Apii1) _ Ene(prsn) — p
T Vit (Bpis)  ani Vi (Bpirin)’

where Apiy1 = pir1 — pr, and ay,; is a risk aversion coefficient. The Ej, ;(p¢+1) in the nu-
merator of Equation (11) is given by Equations (2), (3) and (4), and V}, ; in the denominator
represent the perceived risk by the type-h agents. Further details of the formation of this
subjective perceived risk can be found in agent-based finance literature (De Grauwe and
Grimaldi , 2006; Hommes, 2006).

(11)

2.1.2 Many-Type Designs

Adaptive Belief Systems Brock and Hommes (1997, 1998) initiate a N-type design
called the adaptive belief system (ABS). This system can be considered as an extension
of the 2-type or 3-type design which we observe earlier. In this case, there are more than
2 or 3 kinds of beliefs in the market, and the number is denoted by N. Like the two-
or three-type designs, each of these beliefs is known in advance and is fixed. Brock and
Hommes (1998) further assume that they are all linear forecasting rules as follows.

Entlpes1] = ano +ap1pe + apopr—1+ . +apapi—1, h=1,2,.., N. (12)

In this simplification, each belief is characterized by a set of coefficients («}, o, a3 1, ..., & 1 +1),
denoted by @),. The adaptation part or the switching mechanism can be easily extended
from the original logit model (Equation 7) into the the multinomial logit model:

/\Vf,ffl
Prob(X = h,t) = —g b, h=1,2,..,N. (13)
D0 expe

The rest of the ABS is essential the same as the few-type designs.

Large Type Limit and Continuous Belief Systems One further extension of the N-
type design is to consider not just a finite N but an infinite N, i.e.,, N — oco. In this
line, Brock, Hommes, and Wagener (2005) introduce the notion of large type limit (LTL),
whereas Dicks and van der Weide (2005) propose a continuous belief system (CBS). They
both rely on the idea of distribution of beliefs. The distribution of beliefs is a distribution
over a belief space, from which the observed beliefs are sampled. When the belief space
is a real space, one then have infinite-type design. The earlier finite N-type design can be
considered as a sample with size N from this distribution. Once it is generated, the sam-
ple is fixed, and the later on adaptation or switching mechanism are just operated within
this fixed sample. However, the infinite N-type design work directly on the population
of beliefs, instead of a sample of beliefs. Since the distribution of beliefs can be captured
by a few parameters, one can effectively use a small number of parameters to represent a
large number of different types of traders. The discrete choice problem is now extended
into a continuous choice problem, but still with the Gibbs-Boltzmann distribution.
eXp/\V(o?*,tfl)

T [expV@E-1) g’

Prob(X = &*,t) (14)
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“Type” in Few-Type and Many-Type Designs While the large-type design can be con-
sidered as a natural mathematical extension of the few-type design, one should notice
that they do have dramatically different notion of type. The notion of type in the few-type
designs is in fact a cluster, i.e., a cluster of similar trading strategies or beliefs. Therefore,
while there are large number of traders in the world, their behavior is limited to just a
few clusters or a few types.® The early literature on fundamentalists and chartists are de-
veloped in this fashion. In other words, they are two different types, not because they are
different, but are fundamentally different. Two fundamentalists may still have different
beliefs, but compared to that of chartists, their differences are negligible. The large-type
designs no longer keep this notion of cluster; instead, they considers traders with even
with € difference as different types.

2.1.3 Illustrations

In the literature, there are three major N-type ACF models; in chronological order, they
are the Kirman model, the Lux model, and the Brock-Hommes model. The entire struc-
ture of Section 2.1.1 is written by largely following the Brock-Hommes ABS model. Sec-
tion 2.1.2 also gives the extension of the ABS model. Therefore, only the Kirman and Lux
models will be highlighted here.

Kirman’s ANT Model Kirman model was first proposed by Kirman (1991, 1993). Itis a
two-type model. The two types are fundamentalists and chartists. The model, however,
differs from the previous description of the two-type model in its switching mechanism.
The switching is not driven by the Gibbs-Boltzmann distribution (Equation 7), but by a
herding mechanism. Within this herding mechanism, the main determinant of the respec-
tive binary choice is not the financial success (the Vy; and V. appearing in Equation 7)
but the fraction of the majority. Therefore, the decision is more psychologically driven
rather than economically driven.

The herding mechanism was interesting inspired by an observation in entomology.
“Ants, faced with two identical food sources, were observed to concentrate more on one
of these, but after a period they would turn their attention to the other.” (Kirman (1993),
p- 137) Inspired by observing the behavior of ants, Kirman characterizes the switching
potential of each individual by two parameters, namely, a probability of self-conversion and
a probability of being converted. The self-conversion probability gives the probability that
an individual will switch to other types of agents without external influence, whereas the
probability of being converted gives the probability that the individual will be persuaded
by the other individual to whom he is randomly matched. This switching process is
discrete and can be studied in a general theoretical framework of Polya urn processes.

Lux’s IAH (Interactive Agent Hypothesis) Model The Lux model is initiated by Lux
(1995, 1997, 1998). 1t is a hierarchical two-type model. It is hierarchical in the sense that
there are fundamentalists and chartists, but chartists are further divided into optimists
and pessimists. Like the Kirman model, the Lux model also has the herding element.
However, the original discrete-time discrete-choice behavior in the Kirman model is now

9 Aoki (2002) provides a theoretical support for the two-type or two-cluster models.
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replaced by a continuous-time discrete-choice model. This change has caused the Lux
model to have a very different mathematical structure, which is a jump Markov process. In
this continuous-time mathematics, the switching mechanism among the three group of
agents is captured by the transition rate function.

The transition rate specifies the change rate of the conditional probability of shifting
to another state after an infinitesimal time interval, conditional upon a specific current
state. The state refers to each possible distribution (each set of fractions) over the types
(clusters). For example, in a two-type model, the distribution at a point in time can be
characterized by one parameter, i.e., the fraction of type one, say, wi(t), since subtracting
it from one gives the fraction of type two, i.e., wy(t) =1 — wy ().

Lux considers two determinants in the transition rate function. One is the profit dif-
ferential, i.e., the difference in trading profits between the fundamentalist and chartists.
The transition rate function is negative in the profit differentials between own profits and
alternative profits. In this way, as expected, when fundamentalists earn a higher profit
than chartists, it will become less likely for a fundamentalist to switch, but more likely
for a chartist to switch. Hence, on this regard, it is very similar to the Gibbs-Boltzmann dis-
tribution used by Brock and Hommes” ABS. The other one is herding. In this case, traders’
decisions to switch between different clusters are affected by the number of traders in
each cluster. The majority cluster may find it easier to attract traders from the minority
cluster, but this is less likely the other way round. In the Lux model, herding is only
applied to the switch between optimists and pessimists.

Minority Games (MG) Since trend-chasers and contrarians in the financial market can
be positioned as the majority and minority, a mixed minority and majority game, also known
as $-game, has been applied to agent-based financial market (Challet and Zhang, 1997).
There are some designs of agents, which can be particularly suitable for the MG models.
One example is the threshold model proposed by Ghoulmie, Cont and Nadal (2005) and
Cross, et al. (2007).

2.2 Autonomous-Agent Designs

In the N-type designs, all the types and rules of financial agents are given at the beginning
of the design, and what financial agents can do is to choose among these different types
or rules based on their past experiences. The N-type design has characterized a major
class of agent-based financial markets. However, this way of doing things also severely
restricts the degree of autonomy available for financial agents. First, they can only choose
how to behave based on what has been offered; secondly, as a consequence, there will be
no new rules available unless they are added outside by the designers. If we want our
artificial financial agents to behave more like real financial agents, then we will certainly
expect that they learn and discover on their own. Therefore, as time goes by, new rules
which have never been used before and have not been supplied by the designer may be
discovered by these artificial agents inside the artificial world.

12



2.2.1 Sante Fe Institute Artificial Stock Market

Genetic Algorithms Designing artificial agents who are able to design on their own is
an idea similar to John von Neumann's self reproducing automata, i.e., a machine which can
reproduce itself. This theory has a deep impact on John Holland, the father of the genetic
algorithm. Under von Neumann’s influence, Holland had devoted himself to the study of
a general-purpose computational device that could serve as the basis for a general the-
ory of automata. In the 1970s, he introduced the genetic algorithm, which was intended
to replace those ad hoc learning modules in contemporary mainstream Al Using genetic
algorithms, Holland could make an adaptive agent that not only learned from experience
but could also be spontaneous and creative. The latter property is crucial for the design
of artificial financial agents. In 1991, Holland and John Miller, an economist, published
a sketch of the artificial adaptive agent in the highly influential American Economic Re-
view. This blueprint was actually carried out in an artificial stock project in 1988 in the
Santa Fe Institute (Palmer et al. , 1994; Arthur et al., 1997).

Armed with GAs, the Santa Fe Artificial Stock Market (SFI-ASM) considers a novel de-
sign for financial agents. First, like many N-type designs, it mainly focuses on the fore-
casting behavior of financial agents. Their trading behavior, as depicted in Equation (11),
will depend on their forecasts of the price in the next period. Second, however, unlike
the N-type designs, these agents are not divided into a fixed number of different types.
Instead, the forecasting behavior of each agent is “customized” via a GA. We shall be
more specific on its design because it provides us with a good opportunity to see how
economists take advantage of the increasing computational power to endow artificial de-
cision makers with a larger and larger degree of autonomy.

In the SFI-ASM, each financial agent /1 uses a linear forecasting rule as follows:

Epi(pis1) = s + Buipr- (15)

However, the coefficients &), ; and B, ; not only change over time (time-dependent), but
are also state-dependent. That is the value of these two coefficients at time t will depend
on the state of the economy (market) at time t. For example, the recent price dynamics
can be an indicator, so, say, if the price has risen in the last 3 periods, the financial agent
may consider lower values of both & and $ than otherwise. The price dividend ratio can
be another indicator. If the price dividend ratio is lower than 50%, then the financial
agent may want to take a higher value of f than if it is not. This state-dependent idea is
very similar to what is known as classification and regression trees (CART) or decision trees,
a very dominant approach in machine learning.

Therefore, one simple way to think of the artificial agents in the SFI-ASM is that they
each behave as machine-learning people who use regression trees to forecast the stock
price. At each point in time, the agent has a set of indicators which help him to decom-
pose the state of the economy into m distinct classes, (A}l " A%/t, .y AZf ;), and correspond-
ing to each of the classes there is an associated linear forecasting model. Which model
will be activated depends on the state of the market at time t, denoted by S;. Altogether,
the behavior of the financial agent can be summarized as follows:
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A few remarks are added here. First, the forecasting rule summarized above is up-
dated as time goes by, as we keep the subscript t there. So, agents, in this system, are
learning over time with a regression tree, or they are using a time-variant regression
tree, in which all the regression coefficients and classes may change accordingly with the
agents’ learning. Second, agents are completely heterogeneous as we also keep the sub-
script h above. Therefore, if there are N financial agents in the markets at each point in
time, we may observe N regression trees, each of which is owned and maintained by one
individual agent. Third, however, the forecasting rules introduced in the SFI-ASM are
not exactly regression trees. They are, in fact, classifier systems.

Classifier System A classifier system is another of John Holland’s inventions in the
late 1970s. This system is similar to the Newell-Simon type of expert system, which is a
population of if-then or condition-action rules. The conventional expert systems are not
able to learn by themselves. To introduce adaptation into the system, Holland applied
the idea of market competition to a society of if-then rules. A formal algorithm, known
as the bucket-brigade algorithm, credits rules generating good outcomes and debits rules
generating bad outcomes. This accounting system is further used to resolve conflicts
among rules. The shortcoming of the classifier system is that it cannot automatically
generate or delete rules. Therefore, GA is applied to evolve them and to discover new
rules.

This autonomous-agent design has been further adopted in many later studies. While
most studies continuously carried out this task using genetic algorithms'?, a few studies
also used other population-based learning models, such as evolutionary programming
and genetic programming.

2.2.2 Genetic Programming and Autonomous Agents

The development from the few-type designs to the many-type designs and further to
the autonomous-agent designs can be considered an continuous efforts to increase the
collective search space of the forecasting function Ej,;, from finite to infinite space, and
from parametric to semi-parametric functions. The contribution of genetic programming
to this development is to further extend the search space to a infinite space of non-
parametric functions, whose size (e.g., the dimensionality, the cardinality or the number
of variables used) and shapes (for example, linearity or non-linearity, continuity or dis-
continuity) have to be determined, via search, simultaneously. This way of increasing of
the degree of autonomy may not contribute much to the price dynamics, but can enrich

104 lengthy review of this literature can be found in Chen (2008).
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other aggregate dynamics as well as the behavior at the individual level. As we shall
see below, the endogenous determination of the size and shape of E;, ; provides us great
opportunities to see some aspects of market dynamics which are not easily available in
the N-type designs or other autonomous-agent design.

The first example is about the sophistication of agents in market dynamics. The definition
and operation of GP rely on a specific language environment, known as LIST Program-
ming (LISP). For each LISP programes, there is a tree representation. The number of nodes
(leaves) or the number of depths in the LISP trees provides one measure of complexity
in vein of the program length. This additional observation enables us to study not just the
heterogeneity in Ej ;, but also the associated complexity of Ej ;. In other words, genetic
programming not only can distinguish agents by their forecasts, as the N-types designs
did, but further delineate the differentiation by agents’ sophistication (complexity). Must
the survival agents be sophisticated or can the simple agents proper as well?

One interesting hypothesis related to the inquiry above is the monotone hypothesis: the
degree of traders’ sophistication is an increasing function of time. In other words, traders
will evolve to be more and more sophisticated as time goes on. However, this hypoth-
esis is rejected in Chen and Yeh (2001). They found that, based on the statistics on the
node complexity or the depth complexity, traders can evolve toward a higher degree of
sophistication, at some point in time, they can be simple as well.

The second example concerns the capability to distinguish the information from noise.
As we mention earlier, the variables recruited in agents’ forecasting function are also en-
dogenously determined. This variable-selection function allows us to examine whether
the smart pick of these variables are crucial for the survival. In particular, the hypothesis
of the extinction of noisy traders says that traders who are unable to distinguish informa-
tion from noise will go extinct. ? test this hypothesis. In an agent-based artificial market,
they supplied traders with both the informative and noisy variables. The former includes
prices, dividends and trading volumes, whereas the latter are just series of pseudo ran-
dom numbers. Their simulation shows, as time goes on, that traders who are unable to
distinguish information from noise do have a tendency to decline and even go extinct.

2.3 Heterogeneity in N-Type Designs and AA Designs

However, the autonomous-agent design is not the entirely same as the N-type design
built upon the discrete choice or continuous choice models.!! The main difference lies in
learning. While both designs consider evolutionary selection as an essence of learning, their
technical implementations are different, which also introduces some conceptual differ-
ences between the two.

The evolutionary selection mechanisms used in the discrete choice or continuous choice
models simply assume that all agents are homogeneous in the sense that they are facing
the same uncertainty when making their choices. It is the randomness of their choices
(stochastic choices) make them behave differently. In other words, all agents are homo-
geneous ex ante, but heterogeneous ex post. However, this assumption or restriction may
not generally apply to the SFI models.

Dicks and van der Weide (2005) actually distinguish the two by calling the former computational finance
models, and the latter economic dynamic models.
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Depending on the specific setting, the SFI models can allow agents be truly heteroge-
neous in the sense that not only can they be heterogeneous ex post, they can also be het-
erogeneous ex ante, i.e., each agent’s stochastic choice can come from their own idiosyn-
cratic distribution. A typical example is the SFI models whose agents are modeled via
multi-population genetic algorithms or multi-population genetic programming (Yeh and Chen,
2001). In these examples, each agents learn from their own experiences rather than from
a socially shared experience, as the one used in multi-nominal logit model. This style of
learning is known as individual learning in literature, which is distinct from social learning
(Arifovic and Maschek, 2007).

Other variants of agent-based computational models go further to consider agents
with varying degree of learning capabilities. For example, Chan, LeBaron, Lo, and Pog-
gio (1999) consider three classes of forecasting agents in their artificial stock market,
namely, empirical Bayesian traders, momentum traders, and nearest-neighbor traders.
Yang (2002) also considers a mixture of a class of ANN (artificial neural nets) agents and
and a class of momentum agents. In each class, agents can be further distinguished by
the specific parameters used to articulate their forecasting or trading behavior.

In summary, the movement from the two-, many- to infinite-type models, and its fur-
ther jump to the computational models can be characterized by a higher degree of hetero-
geneity and also a more complex learning behavior. The question is what the benefit we can
gain by doing so? Can we explain more stylized facts than the baseline models?

3 Presenting ABE with Econometrics

3.1 Stylized Facts

The first contact between ACE and econometrics was motivated by examining whether
ACE models are able to provide explanations for some stylized features which the ex-
isting economic theory have difficulties accounting for. The most notable example is in
the modern financial literature. A list of stylized facts cannot be easily accounted for
by the long-standing standard asset pricing models built upon the device of represen-
tative agents. These stylized facts include statistical properties of various trading data,
such as trading volume, trading duration, but mostly concentrate on asset return. Table
1 provides a comprehensive coverage of these stylized facts.

There is a total of 30 stylized facts listed in this table, which are separated into six
blocks. The first two blocks refer to the stylized facts of low-frequency financial time
series, whereas the next four block refers to the stylized facts of high-frequency ones.
The first two blocks give the stylized facts of return and trading volume. The next four
blocks, from the top to the bottom, refer to the stylized facts of return, trading duration,
transaction size, and bid-ask spread.!?

12Mainly for the space consideration, the detailed account of each stylized fact will not be given here. The
interested reader is referred to the associated reference listed in the last column of Table 1.
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Table 1: Stylized Facts

No. Code  Stylized Facts Reference

1 AA Absence of Autocorrelations Cont (2001)

2 AG Aggregational Gaussianity Cont (2001)

3 BC Bubbles and Crashes Rosser (1997)

4 CE Calendar Effect Taylor (2005)

5 CHT Conditional Heavy Tails Cont (2001)

6 EPP Equity Premium Puzzle Kocherlakota (1996)
7 EV Excess Volatility Cont (2005)

8 FT Fat Tails Cont (2001)

9 GLA Gain/Loss Asymmetry Cont (2001)

10 LE Leverage Effect Cont (2001)

1 IM Long Memory Cont (2001)

12 PLBR  Power Law Behavior of Return Gabaix et al. (2003)
13 PLBV  Power Law Behavior of Volatility Lux (2007)

14 VC Volatility Clustering Cont (2001)

15 VVC Volatility Volume Correlations Cont (2005)

16 ~ PLBTV Power Law Behavior of Trading Volume Gabaix et al. (2003)
17 VLM Long Memory of Volume Engle and Russell (2007)
18 AA-H  Absence of Autocorrelations Taylor (2005)

19 FT-H Fat Tails of Return Distribution Taylor (2005)

20 LM-H Long Memory Taylor (2005)

21 PE Periodic Effect Taylor (2005)

22 BU Bursts Taylor (2005)

23  CTD Clustering of Trade Duration Pacurar (2006)

24 DLM  Long Memory Pacurar (2006)

25 DO Overdispersed Pacurar (2006)

26 PLBT  Power Law Behavior of Trades Gabaix et al. (2003)
27 US U Shape Tsay (2002)

28  SCPC  Spread Correlated with Price Change Tsay (2002)

29 TLS Thinness and Large Spread Muranaga and Ohsawa (1997)
30 TD Turn-of-the-year Declining Muranaga and Ohsawa (1997)

The stylized facts are separated in 6 blocks in the table. The first two refer to the stylized facts pertaining to
return and trading volume, using low-frequency data. The next four refer to the stylized facts of return, trading
duration, transaction size, and bid-ask spread, using high-frequency data.

3.2 Facts to Be Explained

Can the above stylized facts be generated from a collection of interacting software agents?
To have a large picture, a few tables are prepared to answer this question. We first cat-
egorize all ACF models based on the taxonomy given in Section 2. Some selected ACF
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models are separately listed in Tables 4, 5, and 6 (see Appendix A), based on their de-
signs being 2-type, 3-type or many-type, whereas another group of ACF models using
the autonomous-agent design are listed in Table 7 (also in Appendix A). The four ta-
bles together include 50 ACF models, among which there are 38 N-type models and 12
autonomous-agent models; the ratio of two is 3:1. The constituents of the N-type models
are 18 (47%) 2-type models, 9 (24%) 3-type models, and 11 (29%) many-type models.

3.2.1 Demographic Structure

These four tables are by no means exhaustive, but just a sample of a large pile of existing
studies. Nonetheless, we believe that they well represent some basic characteristics of
the underlying large pile of literature. First, the largest class of ACF models is the few-
type design. The sum of the two-type and three-type models account for about 50% of
the entire sample. The few-type design not only has supports from empirical study, their
simplicity also facilitates the analytic work. This is probably the most important reason
to see the dominance of this few-type design. Nonetheless, if a large degree of hetero-
geneity can be represent by a parametric distribution, then one can directly work with
this distribution so as to extend the analytic work to the many-type designs. Using the
continuous-choice model to replace the discrete-choice model is one case in point. This
help N-type design to gain an additional market share of 20% to 25%. The residual goes
to the autonomous-agent designs, which only takes up one fourth of the sample. This
minority position may indicate that economists are not yet ready to accept the complex
heterogeneous agents which may easily defy the analytic feasibility, but the more impor-
tant question is: can more complex designs provide us with better explanation power?

3.2.2 General Performance

In Tables 4 to 7, side with each ACF model are the stylized facts which “can” be replicated
by the designated model. We have to be careful on what we mean by “can”. First, we do
not verify the model, and hence do not stand in a position to give a second check on
whether the reported results are correct. On this regard, we assume that the verification
of each model has been confirmed during the referring process. Second, we, however,
do make a minimal effort to see whether proper statistics have been provided to support
the claimed replication. The study which does not satisfy this criterion will not be taken
seriously.

Also side with each ACF model is an acronym which stands for the origin of the re-
spective ACF models. Those origins have been briefly reviewed or mentioned in Section
2. In addition to that, the last column, it is a sign to show whether the ACF model has a
switching mechanism to allow agents to change their type. Switching or evolving fractions
has been considered as an fundamental cause of many stylized facts (Kirman, 1991, 1993;
Hommes, 2002; Lux and Marchesi, 1999, 2000). Therefore, it is useful to have this column
to examine whether evolving fraction is the necessary condition for replicating stylized
facts.

We shall start with the overview table, Table 2. A quick grasp beings with the last
column of the table, which is a frequency count of the replication of the respective stylized
fact shown in the first column. While there are 30 stylized facts shown in Table 1, only
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Table 2: Summary of Stylized Facts Explained

NO. Stylized facts 2 Types 3 Types Many Types AA # of Studies
1 AA 11 2 9 5 27
2 AG 1 2 2 1 6
3 BC 3 2 2 2

4 EPP 0 0 1 0 1
5 EV 2 0 3 0 5
6 FT 14 7 9 11 41
7 GLA 0 0 1 0 1
8 LM 7 2 5 6 20
9 PLBR 4 3 1 2 10
10 vC 14 6 9 8 37
11 VLM 0 0 0 3 3
12 VvC 0 1 4 1 6
# of facts 8 8 11 9

The last row “# of facts” is the total number of the stylized facts which are replicated by the corresponding
class of ACF models. So, for example, the numbers 8, 8, 11 and 9, appearing the last row refers to that there
are a total of 8 stylized facts replicated by the 2-type models, 8 stylized facts by the 3-type models, and so on
and so forth. It is not the total sum of the number appearing in the respective column.

12 (12 rows) appear in Table 2. The stylized facts which do not appear in this table are
the ones which has not been replicated in any of the 50 papers in our survey. As a result,
all stylized facts pertaining to the high-frequency data, or the so-called intraday data, are
left unexplained by the ACF models, which include high-frequency returns (18-22, Table
1), trading duration (23-25), transaction size (26-27), and bid-ask spread (28-30). In fact,
even for those stylized facts appearing in the table, the counts associated with them are
quite uneven.

First, there are four stylized facts which obviously receive more intensive attention
than the rest of others. These four are fat tails (41 counts), volatility clustering (37), ab-
sence of autocorrelations (27), and long memory of returns (20). Fat tails and volatility
clustering received the highest attention. This, in fact, is well anticipated given the close
connection between the two and the dominance of various GARCH-type models in fi-
nancial econometrics.!> Long memory ranks the fourth. This again is closely related
to volatility clustering since long memory reflects long run dependencies between stock
market returns, and volatility clustering describes the tendency of large changes in asset
prices to follow large changes and small changes to follow small changes.

Second, we also notice that all stylized facts explained are exclusively pertaining to as-
set prices; in particular, all these efforts are made to tackle with the low-frequency financial
time series. This sharp bias is also not difficult to understand. Although most ACF mod-
els have their own artificial clock, it is not clear on what the interval [¢, t 4+ 1] can best mean
in real time. Does it refer to a tick, a minute, an hour, a day or a week? There is no easy
way that we can tell the difference from the corresponding models. The difference can

13Volatility clustering is treated as a source of fat tails (Ghose and Kroner, 1995).
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only be made via the empirical part of the models, i.e., to see the dataset involved. Since
the high-frequency dataset is rarely used as the empirical correspondence of these ACF
models, it remains to be a challenge to extend these ACF models into the high-frequency
domain. The other reason for the observed bias is that most ACF models use either the
the Walrasian tatonnement scheme or the market-maker scheme to determine the market
price. The continuous-time double-auction mechanism or the order-driven mechanism
is rarely used. Time, therefore, become less sensible with the simplified mechanism.

3.2.3 The Role of Heterogeneity and Learning

Our taxonomy of the ACF models enables us to address two specific questions; first,
would the degree of heterogeneity matter, and, second, would learning matter? Of
course, these two aspects are not completely disentangled because complex learning
models may also be the ones with complex heterogeneity. Therefore, our answer below
may be very tentative, rough, and is best used to motivate further studies.

Do many-type models gain additional explanation power than the few-type models?
The last row of the Table 2 shows that the few-type models (2-type and 3-type) together
can replicate nine stylized facts, whereas many-type models can add two more. These
two are equity premium puzzle (EPP) and gain/loss asymmetry (GLA). Nevertheless,
from Table 6, these two are the results of the same study (Shimokawa, Suzuki and Mis-
awa, 2007), which focus more on prospect theoretical feature of financial agents. The loss-
averse feature of financial agents is largely not shared by other ACF models; therefore, it
is not clear whether the credit should go to the many-type design. If we conservatively
remove this “outlier”, then many-type models do not perform significantly better than
the few-type models.

Would more complex learning behavior help? Table 2 shows that the only additional
stylized fact captured by the autonomous-agent design is long memory of volume (VLM),
and there are there studies devoted to this replication (LeBaron, Arthur and Palmer, 1999;
Lawrenz and Westerhoff, 2001; LeBaron and Yamamoto, 2007) (See also Table 7). In all
these three studies, autonomous agents are modeled with genetic algorithms, but GAs
alone should not be the main cause of long memory in trading volume, and there is
no particular reason why N-type models are unable to replicate long memory in vol-
ume. Data on trading volume existed in many N-type ACF models, but they were not
well exploited. Hence, this advantage of AA designs may not be that absolute, and it is
likely that N-type models or even the few-type models just perform equally well with
the autonomous-agent models.

In sum, we don't find significance evidence in support of the complex design of ACF
models, including many-type designs and autonomous-agent designs. If our interests
are just restricted to the stylized facts listed in Table 2, then one can confine himself to
just the few-type design. This can have very important implication for the next-stage
development of ACF models, namely, building the econometric models of agent-based
financial markets. As we shall see in Section 4, few-type designs have another advantage
when we want to take the ACF model as an econometric model and estimate it.
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4 Building ACE with Econometrics

The use of econometric techniques to validate or estimate the agent-based models sur-
veyed in Section 3 starts from the late 1990s and early 2000s (Miller, 1998; Winker and
Gilli, 2001). As we see in Sections 3, the stylized facts can be replicated qualitatively by
many different classes of agent-based models, ranging from low-dimensional parametric
models to a high-dimensional parametric ones. Moving one step further, the second-
stage development of agent-based models are not just satisfied with its capabilities of
growing stylized facts in a qualitative sense, but is more concerned with the appropriate
parameter values used in the model. This development is well anticipated. Supposed
that we are given the significance of the intensity of choice (A in Equation 7) in generat-
ing some stylized facts, then the next legitimate question will be: can this intensity be
empirically determined, and if so, how big or how small is it?

How to Estimate? Nevertheless, given the very different dimensionality of the agent-
based models, econometric techniques involved also vary. Table 3 lists a number of stud-
ies related to the calibration or the estimation work. The estimation methods are given
in the third column of the table. The three major estimation methods namely, method of
moments, maximum likelihood, and least squares, or their variants are all involved. In
addition to these standard methods, non-standard methods, such as genetic algorithms,
is also used.

What to Estimate? To have an idea of the diversity shown in this table, it would be
useful to first understand what we mean by estimating an agent-based financial model.
The econometric construction of an agent-based financial models mainly contains two
parts. The first part is directly related to the behavioral rules (parameters) of agents, for
example, the reverting coefficient of fundamentalists, the extrapolating coefficient, the
intensity of choice, the herding intensity, the thresholds of rule switching. The second
part is related to the external setting of the environment facing the agents, for example,
the price adjustment speed (see the last column of Table 3).

4.1 How to Estimate?

Direct Estimation The general idea of estimation is to derive the aggregation equation
in which all these parameters are encapsulated. Then applying appropriate statistical
techniques to these equations to derive the estimates of these parameters. Hence, if the
aggregate equation happens to be a likelihood function, then the involved method is nat-
urally the maximum likelihood method (MLE) (Alfarano, Lux, and Wagner, 2005, 2006,
2007). If the aggregate equation happens to be a regression, then the employed method
is the least square (LS) (de Jong, Verschoor and Zwinkels, 2006; Boswijk, Hommes and
Manzan, 2007; Manzan and Westerhoff, 2007).

Indirect Estimation However, for some classes of agent-based financial models, par-
ticular, those complex agent-based models reviewed in Section 2.2, it may not be easy
to derive the aggregation equation in an analytical way so that the direct application of
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Table 3: Estimation Methods of ACF Models

Models Origin  Methods Parameters Estimated
Alfarano, Lux, and Wagner (2005) IAH ML Herding Tendency
Alfarano, Lux, and Wagner (2006) IAH ML Herding Tendency
Alfarano, Lux, and Wagner (2007) IAH ML Herding Tendency
Amilon (2008) ABS EMM/ML Intensity of Choice
Boswijk, Hommes and Manzan (2007) ABS NLS Belief Coefficients/Intensity of Choice
de Jong, Verschoor and Zwinkels (2006) ABS NLS Belief Coefficients/Intensity of Choice
de Jong, Verschoor and Zwinkels (2007) ABS NLS Belief Coefficients/Intensity of Choice
Dicks and van der Weide (2005) ABS ML ARCH and GARCH relation/sign of MA
Ecemis, Bonabeau, and Ashburn (2005) AA IEC Market Fractions/Behavioral Rules
Gilli and Winker (2003) ANT MSM Mutation/Conviction Rate
Manzan and Westerhoff (2007) ABS OLS Reaction Coefficients /Switching Threshold
Reitz and Westerhoff (2007) ABS  Quasi ML  Behavioral Rules/Intensity of Choice(x)
Westerhoff and Reitz (2003) ABS  Quasi ML  Behavioral Rules/Intensity of Choice(x)
Winker and Gilli (2001) ANT MSM Mutation/Conviction Rate
Winker, Gilli, and Jeleskovic (2007) ANT MSM Mutation/Conviction Rate

IAH Frequencey of Revaluation/Reaction Strength

ML stands for Maximum Likelihood, EML for Efficient Maximum Likelihood, NLS for Nonlinear Least
Square. IEC for Interactive Evolutionary Computation, and ANT for Active Nonlinear Tests.

econometric techniques is not feasible. Hence, an alternative approach is that, instead of
deriving the aggregation analytically, the aggregation is derived via simulation, and the
econometric steps are applied based on these simulated aggregation. Some estimation
work shown in Table 3 belongs to this kind, which is also known as indirect estimation,
to be distinguished from the above-mentioned direct estimation. Examples of indirect
estimation are Winker and Gilli (2001), Gilli and Winker (2003), Winker, Gilli, and Je-
leskovic (2007), and Amilon (2008). Since this approach is relatively new for agent-based
economists, and can potentially applied to a larger class of ACE models, we, therefore,
will give a brief review of this approach in Section 4.1.1.

4.1.1 Simulated-Based Estimation

Despite the progress observed in Section 4.1, agent-based models in general are very
hard to estimate due to the lack of tractable criterion functions (likelihood functions, mo-
ments). Nevertheless, this problem has been largely shared by many other economic
or econometric models’®, and has received tremendous treatments during the last two
decades, which has also inspired the development of entirely new procedures based on

14Examples include nonlinear dynamic models, models with latent (or unobserved) variables, and models
with missing or incomplete data.
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the simulation, or called the simulation-based econometric methods.'> As we shall later, these
new proposed methods are very applicable and may dramatically open the empirical ac-
cessibility of the agent-based models in the future.

Simulation-based econometric methods include the method of simulated moments (MSM),
simulated maximum likelihood (SML), methods of simulated scores (MSS), efficient method of
moments (EMM), and indirect inference. Some of this methods has already been applied to
estimate agent-based models. For example, the MSM is used in Winker and Gilli (2001),
Gilli and Winker (2003), and Winker, Gilli, and Jeleskovic (2007), whereas the EMM is
used in Amilon (2008).

4.1.2 Methods of Simulated Moments

The basic idea of simulated-based inference is to calibrate the parameter vector so that
the properties of the simulated series resemble those of the observed data. Take MSM as
an example. We, first, choose a vector of parameter values to generate the simulated time
series by running the agent-based model with this chosen set of parameter values. Then,
compare some statistics (moments) of this simulated time series, the simulated moments,
with those using real data, the sample moments. The difference between the two is used to
form a distance function (the objective function). The MSM is purported to minimize the
distance by searching over the entire parameter space.

Formally speaking, let X be a set of chosen statistics derived from the real data, X =
(X1, X2, ..., Xm), and Y be the X’s counterpart in the artificial data, Y = (Y1, Y2, ..., Yin).
Also, let £ be a distance function between X and Y. Then the indirect estimation of a set
of parameters 0 is to find out the 6* such that

0" = arg{min £(X,Y;0)}. (17)
0cO

The indirect method, as claimed by Winker and Gilli (2001), is general enough to be
applied to other agent-based financial models, including those SFI-like models. However,
a main difficulty is solving Equation (17). Of course, an analytical solution in general is
rarely available, and one to rely on some numerical approaches.

Example: Winker and Gilli (2001) Take Winker and Gilli (2001) as an example. Winker
and Gilli (2001) attempted to estimate an version of the Kirman model (Kirman, 1991,
1993). There are two major parameters in this model, the self-conversion rate and the
conviction rate, denoted by 0; and 0,, respectively. To replicate the two characteristic fea-
tures of financial time series, fat tails and volatility clustering, their choice of X includes
the following statistics: kurtosis and the first-order ARCH coefficient, denoted by X; and
X5. Then, given a specific choice of the distance function as shown below, the indirect
estimator of 0 is:

0* = (§,0,) = i Y, — X Yo — X5 |. 18
(61,62) al‘g(gf&;ﬁd 1 1]+ 1Y2—Xo | (18)

15 A review of the development of the simulation-based econometrics is beyond the scope of this chapter.
The interested reader is referred to Gourieroux and Monfort (1996). Also, Journal of Applied Econometrics
has a special issue on this subject, see its Vol. 8 (1993).
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Y1 and Y; are the counterpart of X; and X» in the artificial data. They are not based on
a single run of the Kirman model M (61, 6,), but 10,000 runs. In other words, Y; and Y>
are the average taken over the 10,000 sample statistics derived from the corresponding
10,000 artificial time series. To solve the optimization problem posted in Equation (18),
Winker and Gilli (2001) and Gilli and Winker (2003) suggested the use of the simplex
method combined with the threshold accepting.

Practical Issues of MSM It can be seen from the previous illustration that the indirect
estimation results, 6, can depend on a number of choices, which include

1. the dimensionality of the target vector (X),

the statistics included in the target vector (X, X»,...)
the parameters considered (6)

the distance function (£),

the search algorithm to solve global optimization,

SR I

the number of runs of the model M (6), or the sample size upon which Y is derived.

This sensitivity may introduce a number of issued involving in the use of the indirect
estimation approach. The first issue is the selection of adequate statistics X. Winker, Gilli,
and Jeleskovic (2007) proposed two criteria: robust and powerful. The robustness criterion
is involved because 6 may be sensitive to the actual realization of X, say, x. If x is not sta-
ble over the entire sample, it would be less meaningful to anchor a specific § to the whole
series. The powerfulness criterion requires the involved statistics should exhibit the po-
tential to discriminate between alternative models and /or parameter constellations.

The second issue is the selection of the parameter vector (). While, in principle, all
parameters involved in the agent-based model under study should be invited, it is very
difficult to do in practice. This is mainly because the search space grows exponentially
with the dimension of 8. Hence this practical restriction makes us only be able to estimate
only a subset of 6 = (61,0%), say, 6!, and the rest, 62, has to be fixed a priori.

4.1.3 Genetic Algorithms

What seems to be interesting is that the estimation of agent-based models actually starts
from the one involving the complex objective functions (Miller, 1998; Ecemis, Bonabeau,
and Ashburn, 2005; Midgley, Marks, and Kunchamwar, 2007). A common feature shared
by these papers are the use of genetic algorithms. Midgley, Marks, and Kunchamwar (2007)
provides a general framework for this approach.!® The idea is to use genetic algorithms
to evolve the agent-based models so as to optimize the objective function.

Among all econometric agent-based models, Ecemis, Bonabeau, and Ashburn (2005) is
probably the one with most general objective function. They consider the possibility that
the objective function for a model cannot be practically formulated mathematically, and
is highly qualitative. In general, how well the model reproduce the data qualitatively can

16Gee Midgley, Marks, and Kunchamwar (2007), p. 890, Fig. 1.
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be no different from the appraisal of performing art. A few statistics or moments may not
be able to capture all what we want. When it is hard to articulate the objective function
which reveals what we really want, then an automatic evaluation of a model become
infeasible. An alternative solution is to allow financial experts to directly evaluate the
models based on their expertise.

4.2 What to Estimate?

The next issue is what are estimated. This issue is as important as the issue on how to
estimate, because it is what were estimated help us gain more insights from the agent-
based financial models. In particular, many agent-based financial models emphasize the
contribution of learning or social interaction to the asset price dynamics. It would then
be desirable to know whether these effects are empirically significant. In the last column of
Table 3, we list the key parameters estimated by each model.

4.2.1 Ant Model

We start with the Ant model, proposed by Kirman (1991, 1993), since this is the first
agent-based financial model being estimated. The Ant model is a two-type model: fun-
damentalists and chartists. Let g1 and g, be the fraction of fundamentalists and chartists,
g1 = 1 — g2. There are two key parameters in the Ant model. Let 6; and 6, be the mutation
rate (the self-conversion rate) and the conviction rate.!” It is found that when the follow-
ing inequality, Equation (19), holds, the market fraction g, ; spends little time around the
value of one-half but a great deal of time in the extremes, i.e., nearly zero or one.

)

0 -
1<N_1/

(19)
where N is the number of agents. The Ant model has been estimated three times in
literature (Winker and Gilli, 2001; Gilli and Winker, 2003; Winker, Gilli, and Jeleskovic,
2007). Using the indirect estimation mentioned in Section 4.1.1, Winker and Gilli (2001)
found

A

0, < Ngi 1
Gilli and Winker (2003) considered a three-parameter Ant model; in addition to the two
parameters above, they also include a parameter related to noise distribution.'® Equation
(20) again sustains. Based on Kirman (1991), this finding indicates there is significant
switching between the fundamentalists and chartists, Sometimes the market is domi-
nated by fundamentalists, and sometimes by chartists.’® Winker, Gilli, and Jeleskovic
(2007) moved back to the two-parameter Ant model, but using an objective function,

(20)

17Kirman himself used € and 1 — 4.

18In Kirman (1991), each agent try to assess what is the majority opinion. Each agent observes g1 ; but with
some noise. The noise follows a normal distribution A/(0,0?). The third parameter considered by Gilli and
Winker (2003) is 2.

19Unfortunately, a unique series 41 ; is not available from this estimation. The estimation only gives us él
and éz, which allows us to simulate many equally likely series q; ;. Hence, we are not able to answer the
question: between 1991 to 2000, when the market is dominated by fundamentalists and when is dominated
by chartists.
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which is closer in spirit to the simulated method of moment. This time they also gave
a significance test of the model being estimated via a bootstrap method.?’ Whether the
relation (20) holds was no longer discussed explicitly, even though the model with the
parameter vectors considered was rejected.

4.2.2 ABS Model

Unlike Kirman (1991), the ABS model (Brock and Hommes, 1998) leaves the forecasting
rules, in parametric forms, employed by agents to be determined by the data. In some
settings, the estimation of these coefficients can be interesting. For example, in the sim-
ple fundamentalist-and-chartist model, the expectations of fundamentalists and chartists
can be described as Equations (2) and (3). The parameters to estimate are the reverting
coefficient (af) and («;). As discussed in Section 2.1.1, the magnitude of ay measures the
speed with which the fundamentalists expect the price to return to the fundamental one,
whereas the magnitude of a. expresses the degree with which chartists the past change
into the future. Plus the intensity of choice (1) in the switching model (Equation 7), there
are at least three economically meaningful parameters to be estimated, namely,

(91192/ 93) = (IXFI xc, A) (21)

There are at least two empirical estimation of the ABS model (Boswijk, Hommes and
Manzan, 2007; Amilon , 2008).

Boswijk, Hommes and Manzan (2007) Boswijk, Hommes and Manzan (2007) estimated
a three-parameter ABS model using yearly S&P 500 data from 1871-2003. The three pa-
rameters are the ones described in (21).2! Their estimated 6; and 6, are significantly
different, and are also correct in the magnitude, which justifies the co-existence of the
mean-reverting belief and the trend-following belief. Their estimation also provides us
the time series of market fraction, which again shows that 4; (fraction of fundamentalists)
can swing from zero to one, with a mean around 0.5. This result is similar to the empiri-
cal results from the Ant model (Winker and Gilli, 2001; Gilli and Winker, 2003), and lend
support to the market fraction hypothesis or evolving fraction hypothesis. What may differ
from the Ant model is the learning behavior of agents. In the ABS model, the learning
behavior is mainly captured by the parameter, intensity of choice, which is found however,
not significant in Boswijk, Hommes and Manzan (2007).

Market Fraction Hypothesis (MFH) The market fraction hypothesis basically says that
the financial time series observed can be described in terms of switching between differ-
ent types of agents, each with either different beliefs or different trading rules. In sum, the
market dynamics is well explained by the evolving factions of different types of financial

20Notice that, both in Winker and Gilli (2001) and Gilli and Winker (2003), whether Equation 19 holds was
only examined numerically as in (20), rather than statistically. This is because a formal test had not been
proposed then.

2l Actually, Boswijk, Hommes and Manzan (2007) studied a modified version of the standard ABS model.
Instead of forecasting price, (2) and (3), agents are assumed to forecast the price-to-cash flow ratios, but the
counterpart of the reverting coefficient (¢ ¢) and the extrapolating coefficient (¢.) remains. However, with
this modification, the reasonable range for these two parameters are: 0 < « <1 and a; > 1.
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agents. This is one of most fundamental implications obtained from ACF models. Us-
ing yearly S&P 500 data from 1871 to 2003, Boswijk, Hommes and Manzan (2007) found
that the two types of investors, fundamentalists and chartists, coexist and their fractions
exhibit considerable fluctuations over time. Before the 1990s, only occasionally chartists
(trend-chasers) dominated and this dominance never persisted for more than two con-
secutive years. However, in the late 1990s the fraction of them increased close to one and
persisted for a number of years. The persistently high fraction of chartists in the market
contributed to an explosive growth of the stock market, and resulted in annual returns
of more than 20% for four consecutive years. Similar findings regarding the consider-
able fluctuation in the fractions are also obtained in other different agent-based financial
markets, including foreign exchange markets.

Amilon (2008) Amilon (2008) estimated both a two-type and a three-type ABS model.
For the latter, in addition to the behavior rules (2) and (3), he also introduced contrarians
into the model, and their behavior rule is as described in Equation (4). Furthermore,
both the behavorial rules (3) and (4) are extended to incorporate a memory parameter,
Be and B, respectively, as in Equations (5) and (6). Therefore, in addition to the mean-
reverting and extrapolation coefficients, the memory of both chartists and contrarians
become another parameters to estimate. This, with other extensions, actually leads to a
9-parameter two-type ABS model and a 14-parameter three-type ABS model.??

It is found all major behavorial coefficients in the two-type model are insignificant,
whereas they, including the intensity of choice, are all significant in the three-type model.
Nevertheless, most of the parameters are right in magnitude. In particular, in the three-
type model, all three heterogeneous beliefs are successfully identified. What, however, is
interesting is that the swing between different types of agents are restricted only to the
chartists (momentum traders) and contrarians. The fraction of fundamentalists is effec-
tively zero. In other words, the inclusion of contrarians makes fundamentalists hard to
survive. It, therefore, makes us to wonder whether these three types of agents are redun-
dant and either a fundamentalist-chartist model or a trend-chaser and contrarian model
would suffice to do the job.

4.2.3 SFI-Like Models

AGEDASITOF AGEDASI TOF, standing for A GEnetic-algorithmic Double Auction SIm-
ulation in TOkyo Foreign exchange market, was initially proposed by Izumi and Okatsu
(1996) and Izumi and Ueda (1999). It follows an autonomous-agent design. Like the
SF-ASM, agents (artificial dealers) make their investment decisions (buying or selling
foreign currency) based on their forecasts of the investment return and risk. To forecast
investment return, each artificial dealer will refer to a number of economic and political
variables, such as gross domestic product, consumer price index, interest rates, money

22 Amilon (2008), in fact, modified the standard ABS models in many ways, including agents’ perceived
risk of investment, risk preference, fitness measure, and, most importantly, the noise structure. The addi-
tional number of parameters actually come from this extension.

230f course, the two model are associated with different noise structure; hence, they are estimated with
different methods. The two-type model is estimated by the maximum likelihood method, and the three-type
model is estimated by the efficient method of moments.
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supply, etc. However, the exact relations between foreign exchange rate and these vari-
ables are unknown, and have to be exploited.

Therefore, in the vein of the SF-ASM, AGEDASI TOF also used genetic algorithms to
model agents’ learning behavior (forecasting). GA helps agents to decide the magnitudes
and signs assigned to each variable. Up to this point, there is nothing significantly dif-
ferent from the SFI model. However, AGEDASI TOF allows its artificial dealers to get
access to external data, i.e., data from the real world, to forecast the exchange rate, which
means the data such as GDP, CPI, etc. are all real. This modeling strategy is essentially
equivalent to a direct estimation of the behavior rules (forecasting models) of agents, and
then uses the estimated rules of each agent to generate the aggregate behavior (exchange
rate).

The system has been shown to have a better forecasting performance than bench-
marks, such as the random walk. In particular, it has a good performance in long-term
forecasting; it can also be used to forecast the probability of a particular event, such as
the bubbles and crashes. For example, the model gives a probability of 42% of observing
a bubble in the Tokyo foreign exchange market in the years 1989-1991.

From an estimation viewpoint, the econometric approach exemplified by AGEDASI
TOF is not a real econometric approach but a computational intelligence approach in a
bottom-up style. This direct bottomup estimation approach is more intuitive and applica-
ble to the SF-type models; nonetheless, whether it can satisfy the econometrics standard
requires further studies.

4.3 Forecasts with Agent-Based Financial Models

It has been long asked, instead of just replicating or growing the stylized facts, whether
agent-based model can be a useful tool for forecasting. In other words, in addition to
provide a bottom-up mechanism to explain the stylized fact as an emergent outcome,
interests are further drawn to the prediction power of the same mechanism. The recent
research trend seems to indicate that one can be cautiously optimistic about this possibil-
ity. This is particular so given the recent contribution by de Jong, Verschoor and Zwinkels
(2006) and Manzan and Westerhoff (2007).%*

de Jong, Verschoor and Zwinkels(2006) Following the standard econometric forecast-
ing procedures, first of all, de Jong, Verschoor and Zwinkels (2006) estimated two ver-
sions of a three-type ABS model, one with a switching mechanism and one without it.
The first two types of agent are the usual fundamentalist and chartist (Equations 2 and
3, or, in general, Equation 5), but, for the third type, they considered a different kind of
chartist, called the MA-chartist, whose forecasting rule is based on the difference between
a long-term moving average and a short-term moving average:

Enatlpiia] = pr + “ma(MAtL - MA?) (22)

MAL above refers to the moving averages with a window length of L and M A? refers to
the one with S (L > S). One can consider the MA-chartist as a kind of fundamentalist

21n fact, the earliest application of the agent-based financial model to forecasting is Izumi and Okatsu
(1996). See also Izumi and Ueda (1999). See Section 4.2.3.
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if the fundamental price p{ in Equation (2) is replaced by the long-term moving average

MAL.

de Jong, Verschoor and Zwinkels (2006) estimated this 3-type model using data from
eight foreign exchange markets. Their found evidence supporting heterogeneity in the
behavior of agents, but not supporting a significant intensity of choice. The latter with the
similar finding in Boswijk, Hommes and Manzan (2007) and Amilon (2008) (the three-
type case) really casts doubt on the essence of the adaptive belief system, namely, the
sensitivity to profit or performance differentials. The estimated model is then applied
to forecast future exchange rate with different horizons. Using the Diebold-Mariano test
(Diebold and Mariano, 1995), they were able to demonstrate that the 3-type model can
outperform the random walk in most markets with various settings of different horizons
or criteria. Nevertheless, this superiority in forecasting may not be taken seriously since
the usual distinction between training sample and test (unseen) sample is not made in
their study.

Manzan and Westerhoff (2007) In a similar vein, Manzan and Westerhoff (2007) es-
timated the two-type models with and without switching using monthly exchange rate
data. The adaptive behavior, in this paper, is not driven by profit differential or herding, but
it is an exogenous threshold value that governs the sentiment of chartist. From the econo-
metrics perspective, they actually incorporate a threshold autoregressive (TAR) structure,
hence the nonlinearity, into the model. On the other hand, since this kind of threshold
mechanism itself implies immediate switch once the state variable passes the threshold,
it is equivalent to have an infinity large intensity of choice in the binary choice model
(Equation 8). The estimation results and nonlinearity tests are in favor of the model with
switch. They then dynamically estimated the proposed two-type model with a rolling
window and made the one-step ahead forecast accordingly. Using the Diebold-Mariano
test, they showed the two-type model can outperform the random walk model for two of
six currencies.

Not only using the Diebold-Mariano test as a predictability test, Manzan and West-
erhoff (2007) also raised a question about its test power. They treated their agent-based
model as a real data generating process which contains both a linear adjustment pro-
cess (the fundamentalists) and a nonlinear switching mechanism (the chartists). These
two components can be captured by the estimation methods proposed by Mark (1995)
and Diebold and Nason (1990). It should be expected that the nice in-sample estimation
results could carry over into the out-of-sample forecasting for simulated time series and
lead to better forecasting accuracy over the random walk. However, the Diebold-Mariano
test can not well endorse such improvement, which means that its test power is quiet low.

Prospectives Even though the forecasting capability of the agent-based model has not
been consolidated, there are reasons to be optimistic. First, the bottom-up mechanism in
the agent-based model behaves as a pool of many agents’ forecasting, which is very simi-
lar to what known as the prediction markets or information markets. Second, the emergent
behavior (the aggregate behavior) also behaves as a combination of different forecasts,
which is, therefore, a kind of combined forecasts. In literature, evidences of the superiority
of the prediction markets over the poll and other forecasts and evidences of the superi-
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ority of the combined forecast over simple forecasts already existed, while not necessary
overwhelmingly. Therefore, it is anticipated that the agent-based model under a suitable
construction process may lead to some desirable outcomes.

5 Emerging Econometrics with ACE

Most empirically-based ACE models only consider how econometrics can help build or
validate the ACE models. Few have explored that the other way around may be equally
interesting. In this section, we shall present some thoughts on the reverse direction, i.e.,
instead of an econometric foundation of agent-based economics, an agent-based founda-
tion of econometrics. On this regard, ACE can help or present challenges to econometrics.

5.1 Aggregation Problems

Intuitively, ACE can help econometrics because it is a kind of the micro-macro approach.
This micro-macro approach has been reviewed by Stoker (1993) as an approach to address
the aggregation problem. The ACE model, as a computational model, provides us with a
greater flexibility to deal with various aggregation over individuals. Unlike many other
micro-macro models, it does not have to make very stringent assumptions of individual
behavior in order to have a tractable aggregation. This advantage makes us be able to
include more realistic behavioral aspects of individuals into aggregation, such as learning
and interactions. In the following, using the an agent-based consumption asset pricing model
(Chen, Huang and Wang, 2008), we shall demonstrate how the ACE model can help solve
the aggregation problem.

5.1.1 Estimation Using the Individual Data

We start with an individual i’s consumption Euler equation as follows.
Aci =T +y'r  +8. (i=1,2,..,1), (23)

where where Ac! is the consumption growth at time ¢,

). (24)

In consumption CAPM model, l[)i, under suitable assumptions, is also known as the elas-
ticity of intertemporal substitution (EIS). r! is the real return on the asset at t, T/ is a constant,
and &} is the residual variable. Notice that the heterogeneity of individuals in terms of
makes Equation (23) also heterogeneous among agents. Furthermore, the heterogeneity
in terms of investment behavior also makes the rates of return r; facing agents heteroge-
neous, which are denoted by ri in Equation (23).

The return facing each individual is determined by his or her chosen portfolio a} =
{am}M |, and can be calculated as follows.

r; = log(R}) (25)
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where

. M .
R} = Z a;n,tRm,t, (26)
m=1
and tw
Ryt = Pmt T @mt (27)
Pm,t—1

Pm, is the price of the asset m at time ¢, and w,,; is the dividend paid for the asset m at
time t.

To estimate the coefficients 1;, we may consider the set of / individual equations as
one giant equation, and estimate the / ;s altogether. This is the familiar seemingly unre-
lated regression estimation (SURE). SURE can be useful when the error terms (i) of each
equation in (23) are related. In this case, the shock affecting the consumption of one agent
may spill over and affect the consumption of the other agents. Hence, estimating these
equations as a set, using a single large equation, should improve efficiency. To apply
SURE, we rewrite the set of equations (23) into a single equation as (28).

Ac=T+r¥+E (28)
where
! Act 0 .. 0 P! gl
T R R R P A e
Téo Aéso 0 0 430 11[).30 géo

5.1.2 Estimation Using the Aggregate Data

The early econometric work on the estimation of the elasticity of intertemporal substitu-
tion mainly used only aggregate data (Hall, 1988). In this section we also estimate the ¢
based on the aggregate data.

Acy =T+ ¢Pria+8, (29)

Equation (29) is the Euler consumption equation that is based on the assumption of treat-
ing the whole economy as a single representative agent. This version is the one frequently
used in macroeconometrics. Ac; and r; are the corresponding aggregate variables of con-
sumption and returns.

5.1.3 Micro-Macro Relation

One way to formulate the aggregation problem is the relation between ¥ (the individual
estimates) based on Equation (28) and ¢ (the aggregate estimate) based on Equation (29).
For example, if l/)i are all identical, say l[)i =1, Vi, can we have E(I/A)) = 1. Furthermore, if
we are informed of the distribution of ¢/, what can we further say about E()? This is the
kind of aggregation problem which has been generally surveyed in Stoker (1993). Stoker
(1993) detailed a solution called the micro-macro approach. This approach models the com-
parability of individual behavioral patterns and aggregate data patterns, removing any
mystery induced by the one-sided focus of studying aggregate data alone or individual
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data alone. The approach has been further pursued recently by Gallegati, Palestrini, Delli
Gatti, and Scalas (2006).

Chen, Huang and Wang (2008) used an agent-based consumption CAPM model to
simulate all artificial time series required by the individual Euler equation, and they es-
timate the individuals” EIS coefficients through Equation (28). Then they also run the
aggregate Euler equation (29) by using the aggregate data. What surprises them is that
the two estimates can be quite distinct. Given the assumption that ' = 1 (Vi), none of the
individual and aggregate Euler equation can recover this behavioral parameter in a rea-
sonable close range. Most estimated individual i's are around 0.3, whereas the estimated
aggregate 1 is close to zero.

Elasticity Puzzle: Real or Spurious? If we further assume EIS to be the reciprocal of the
coefficient of risk aversion, then this result implies an unreasonably high risk aversion.
The latter conundrum is also known as the elasticity puzzle (Neely, Roy and Whiteman,
2001). What, therefore, is shown in Chen, Huang and Wang (2008) is that if we follow
the standard econometric practice with the representative agent framework, then we can
easily have this purely spurious result simply because of the negligence of aggregation
over interacting heterogeneous bounded rational agents. This phenomenon has been also
well noticed by (Delli Gatti et al., 2007).

“If agents are heterogeneous, some standard procedures (e.g. cointegration,
Granger-causality, impulse-response functions of structural VARs) loose their
significance. Moreover, neglecting heterogeneity in aggregate equations gen-
erates spurious evidence of dynamic structure.” (Delli Gatti et al., 2007)

ACE as aDGM Hence, using ACE the model as a data-generation mechanism (DGM),
we can examine the behavior of various econometric test, particular, those macroecono-
metric tests, to see whether they actually well behave when the data is indeed the ag-
gregation over interacting heterogeneous bounded rational individuals. Since the ACE
model can easily accommodate different kinds of learning algorithms and interaction
mechanism, this prompts us to conduct a sensitivity analysis to see whether the ideal
behavior of the standard econometrics can be robust to different micro-underpinnings.

5.2 Imperfect Data

ACE can help to test some hypotheses which are very difficult to do by using real data.
This can happen when the respective real data is not easily available. One example is
about agents’ expectations. In the literature of sunspot equilibria in macroeconomics, it
has concerned macroeconomists whether something which are totally extrinsic to a sys-
tem can eventually have effects on the operation to the system, simply because agents
“naively” believe so. Nevertheless, it is widely shared among macroeconometricians that
the direct empirical test of the existence of sunspot beliefs and sunspot equilibria can be
rather difficult because the lack of the observed data. Some recent progresses in this area
have been done using experimental approach (Duffy and Fisher, 2005), but ACE can pro-
vide an alternative way out of the empirically difficulty. Chen, Liao, and Chou (2008) is
a case in point.
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ACE models can directly control the interactions among agents as well as their learn-
ing processes, and indirectly define the transmission process of sunspots. Of course, it
is hard to know whether the real counterpart is the same or similar to the one used in a
specific ACE model, but, at least, we know what the setting is and we can change the set-
ting. This specific setting is equivalent to the assumption of a theorem, and we can then
use standard econometric test to examine whether belief matters with respect to different
assumptions.

6 Concluding Remarks

This paper provides a first review of the ACE models from an econometric viewpoints.
Given the fast growing of both financial econometrics and agent-based finance, this pa-
per, in many ways, serves only as a beginning and is by no means exhaustive.

First, the list of stylized facts is not exhaustive. We believe that the exploration of
various financial data which are hardly available before will soon contribute to growing
of the list stylized facts. Actually one area which we do not cover well is the data on the
order book, and that the recent empirical findings of the order book have triggered another
wave of the development of ACF models. This is definitely a space which we should fill
in the future study.

Second, the standpoints by which we examine and differentiate various ACF mod-
els are also limited. We focus mainly on the behavioral rules of financial agents. This
very suggestive taxonomy of the literature makes us able to see the minimum condition
required to replicate the stylized facts in terms of the heterogeneity and complexity of
behavioral rules. Needless to say, there are other ingredients which deserve our further
distinctions. Design of Network or interaction is an example. While most ACF mod-
els do implicitly assume a network for interactions (Kirman, 1991; Cont and Bouchaud ,
2000; Iori, 2002), work on explicit modeling of interaction(Zovko and Farmer, 2007; Hein,
Schwind and Spiwoks, 2008), is the one neglected in this survey. Therefore, to what extent
social networks can contribute to the understanding of stylized facts is also a direction
for the next. Other examples include risk preferences (Shimokawa, Suzuki and Misawa,
2007), asynchronous updating (Boswijk, Hommes and Manzan, 2007), information asym-
metry (Suominen, 2001), and finally, institution constraints (Farmer, Patelli and Zovko,
2005).

Despite this incompleteness, it is found that the models with simple heterogeneity and
simple rules (few-type models), particular those variations of the fundamentalist-chartist
model, are sufficient enough to replicate a number of stylized facts. Making this model
complex may gain additional explanation power, but so far this power has been well
exploited. In addition, the simple model makes the later econometric estimation much
feasible.

Econometric estimation of the agent-based financial market models is an ambitious
task. In principle one can identify various details of agents, such as their beliefs, memory,
intensity of choice, risk perceptions, risk aversions, etc. It may also help us to infer the
underlying fitness function, e.g., profits vs. risk-adjusted profits, from the data. For the
few-type model, one can further discover the evolving market fractions so as to track the
mood of the market. Nevertheless, before we reap fruits from these models, there is still
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a long way to go. So far, we have been assured that this agent-based financial market
models are econometrically significant, and the estimates are stable. One of difficulties
in front of us is how to tackle effectively with the numerical aspects of the estimation of
complex objective function involving a large number of parameters.

However, the value of agent-based models should not be very much restricted to just
replication or validation. This is particular so when the econometrics to support qual-
ity validation is still lacking. Section 5 suggests to treat agent-based models as theoretic
models, which behaves as many other stochastic simulation models, can help us to ex-
amine the power of the established econometric tests. This function can be most valuable
when the environment is filled with various degree of polluted or missing data. The pa-
per therefore ends up with the message that agent-based foundation of econometrics is
the next stage to move.

Appendix A Taxonomy of ACF Models and Stylized Facts Ex-
plained

The appendix gives summary tables (Tables 4 to 7) of each of 50 ACF models surveyed
in this article, including the stylized facts replicated or explained by each of them. At
the second column of each table, we also indicate the intellectual origin or ingredients
of each models. The most often seen ones are those which have been survey in Section
2, but there are also a few which are new here. The name of the origin are given in an
acronym. Here, we list these acronyms with their full names. Some names given here are
very suggestive.

1. ABS: Adaptive Belief Systems
ANT: Ant

IM: Ising model

IAH: Interacting agent hypothesis
GT: Game theory

MG: Minority games

MS: Microscopic simulation

PT: Prospect-theory-based model

O »® N g ok » N

TM: Threshold model
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